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INTRODUCTION 
The purpose of the presen t  investigation i s  to study the hydrodynamic 
proper t ies  of a hydrofoil  of f inite span moving with constant velocity through 
deep water  a t  a f ixed dis tance beneath the f r e e  surface.  The span of the 
hydrofoil i s  para l le l  to the plane of the f r e e  surface.  This  problem has  r e -  
cently a t t rac ted  a g r e a t  dea l  of at tention f r o m  both the theoret ical  and the 
prac t ica l  points of view. However, the idea of using the hydrofoil a s  a n  a id  
for  locomotion over  a water sur face  is cer ta in ly  not new. 
As e a r l y  a s  1898 For lan in i  in  I taly t r i ed  to use hydrofoils for  the pur -  
pose of supporting high-speed boats. When such a boat t rave ls  f a s t  enough, 
the hydrofoil sy s t em insta l led under the hull can  l if t  the hull above the water  
sur face  s o  that thc fami l ia r  ship  bow-waves a r e  rep laced  by much weaker 
waves due to the submerged  hydrofoil system.  Consequently, the r e s i s t i ng  
force  of the water  may  be considerably reduced, and the speed-power ra t io  
m a y  thereby be great ly  increased. Another p rac t ica l  application of hydro - 
foils  was made in 1911 by ~ u i d o n i '  in  Italy who rep laced  the o rd ina ry  floats 
of a seaplane by hydrofoils. The use  of hydrofoils a s  f loats  provides grea t ly  
improved aerodynamic cha rac  teri ,st ics of the seaplane during flight. However,  
the lack of knowledge of the fundamental  p roper t ies  and design da ta  of hydro- 
foils  has  prevented the use of hydrofoils  i n  modern  applications. The r ecen t  
revival  of i n t e r e s t  i n  the theoret ical  and exper imental  s tudies  of this problem 
i s  a imzd a t  removing these gaps i n  bas ic  information. 
I t  i s  known that, for  a wing moving in  an  infinite fluid medium, one may  
negle-ct the influence of gravi ty  and consider only the iner t i a  and viscous 
effects;  the Reynolds condition for  dynamical  s imi la r i ty  then holds. Under 
this condition, the nondimensional lift  and d r a g  coefficients depend only on the 
Reynolds number  and the geomet ry  of the body. However, the si tuation fo r  a 
hydrofoil nea r  the water surface i s  quite different. The hydrofoil d i f fers  f r o m  
the a i r foi l  not only because of the possible  occur rence  of cavitat ion,  but a lso  
,-- --.---I-- 
through the s t rong effect  of thc f r ee  water  surface.  F o r  the motion of a 
- 
hydrofoil a t  shallow submcrgence,  one mus t  consider  the gravi ty  effect  be-  
cause the wave format ions  on the f r e e  water sur face  will influence decisively 
i t s  hydrodynamic proper t ies .  I t  follows that, in  this ca se ,  the nondimensional 
l if t  and d rag  coefficients will be functions not only of the Reynolds number  and 
its geometry,  but a lso  of the Froude  number  and the cavitation number.  
__I_-. -_ _ _--__ .-- - 
The p rog ram of this r e p o r t  i s  a s  follows: After a brief  survey  of the 
avai lsble  theoret ical  and exper imenta l  informat ion on the cha rac t e r i s t i c s  of 
hydrofoils, the theory for  a hydrofoil  of f inite span will be formulated.  Thc 
liquid medium i s  a s sumed  to be incompress ib le  and nonviscous and of infinite 
k p t h .  The bas ic  concept of the analysis  i s  pat terned a f t e r  the famous Prandt l  
wing theory of modern  aerodynamics  i n  that the hydrofoil  of l a rge  aspdc t  ra t io  
may be replaced by a lifticg line. The l i f t  distr ibution along thc lifting line i s  
th2 s ame  a s  the lift distr ibution,  in tegrated with r e s p e c t  to the chord of the 
hydrofoil,  along the span direction.  The induced velocity field of thc lifting 
line i s  then calculzited by proper  considerat ion of lift distr ibution along the 
lifting line, f r e e  water  sur face  p r e s s u r e  condition and wave formation.  Thc 
"local velocity' '  so  de te rmined  for  flow around each  local  sect ion perpendicular  
to the span of the hydrofoil can be cons idered  a s  that  of a two-dimensional flow 
around a hydrofoil w;thout f r e e  ws t e r  surface.  The only additional fea ture  of 
T 
the flow in this sectional plane i s  the modification of thc gcome t r i c  angle of 
a t tack,  3 s  defined by the undisturbed flow, to the so-ca l led  cffectivt: angle of 
a t tack on  account of the local  induccd velocily. Thus the l ocz l  sect ional  
c h a r a c t t r i s t i c s  to be used can be taken a s  those of a hydrofoil sect ion i n  two- 
dimensional flow without f r e e  water  sur face  but m a y  involve clvitntion.  More 
precisely ,  the hydrofoil section a t  any location of the s p s n  has  the sxme  hydro-  
dynamic cha rac t e r i s t i c s  a s  if i t  were  a sect ion of rrn infinite span hydrofoil i n  
a fluid region of infinite extent 3t  I geomet r ic  angle of a t t ack  equal  to 
ae # 
together with proper  m o d i f i c ~ t i o n o f  the f r e e  s t r e a m  velocity. Such cha rac -  
t z r i s t i c s  may be obtained by theory o r  by exper iment  and should be taken ~t 
the s a m e  Reynolds number  and cavitat ion numbzr.  With this  seprsration of 
the three-dimension2l  effects znd the two-dimensional cffects ,  the effects of 
Froudc  number  a r e  singled out. Thus  2 sys temat ic  -1nd i f f ic ien t  analysis  of 
the hydrofoil p roper  t ies  can be made.  
The liftizg linc theory used in  this problem i s  developed through var ious  
s tages  to include the formulation of the d i r ec t  o r  ind i rec t  p rob l cms  and a l so  
the problem of minimum drsg .  F ina l ly ,  dc tai led calculat ions  of the l i f t  and 
drag cscfficients of a spccified hydrofoi l  a r e  c a r r i c d  out f o r  the c a s e  of el l ip- 
t ical  distr ibution of circulation.  The e f fec t s  of themfree  wa te r  sur face  and 
the wave format ion z r e  examined in  detail.  Needless  to s ay ,  the neglect  of 
viscous effects will cause the omis s ion  of the f r ic t iona l  d r s g  in the total d r a g  
calculation. However, this  e r r o r  c a n  be es t imated  s epa ra t e ly .  The problem 
of the unsteady motion of a hydrofoil i s  b r ie f ly  d i scussed  in  Appendix 11. 
SURVEY O F  PREVIOUS RESULTS 
The investigation of thc proper t ies  of hydrofoils  has  been so f a r  mos t ly  
exper imental .  Although there  ex is t  some approximate theor ies ,  they do not 
appear  to show the e f fec t s  of wave format ion on the hydrodynamic cha rac -  
t e r i s t i c s  of the hydrofoil, especial ly  when the submergzncc i s  shallow. In 
1 Guidonits work , i t  is c la imed that some of the advantages of hydrofoils over  
conventional ships  o r  f loats  a r e  bct ter  l i f t -drag r a t i o  and l e s s  sensit ivity to 
z rough water surfrzce so  that their  usc  may  r e su l t  in 3 substant ia l  dec rease  
in  the s t ruc tu ra l  weight of the hcrll. On the other  hand, a few disadvant-ges 
s r e  Z ~ S O  mentioned; fo r  example,  the danger to the hydrofoil caused by d r i f t -  
ing wood and seaweed, At high take-off velocit ies fo r  the application to s e a -  
planes there  i s  a l so  the possibil i ty of poor performzince due to profile cavi ta-  
tion. Some e a r l y  pre l iminary  work on the hydrofoil problem was c a r r i e d  
2 3 
out by Keldysch and Lawrent jew , Kotschin and wl ld imirow4 in  ZAHI. 
The i r  s tudies  a r e ,  in  a broad sense,  only nn extension and modificaticn of 
Lamb ' s  work on the submerged  cylinder5 and Havalock's  work on the sphe re  
beneath zt w l t e r  surfzce6 '  7. In K e l d y s c h ! ~  work, which i s  a specia l  c a se  of 
Kotschin's ,  the problem of the two-dimensional hydrofoil was solved by r e  - 
placing the wing by a c i r cu l a r  cylinder with circulation.  VJladimirow solved 
the problem of hydrofoils of finite span by replacing the hydrofoil by a h o r s e -  
shoe vortex of constant c i rculat ion along the span and by assuming that the 
f r e e  water sur face  r ema ins  f la t  no ma t t z r  how close  the hydrofoil i s  to the 
s u r f ~ c e .  The c a l c u l ~ t i o n  then reduces  to a two-dimensional problem in  the 
Treff tz t  s plane behind the wing. This  approximation i s  even poorer  than the 
assumption of infinitz Froude  number .  In 1935, 2 t es t  of 1 single hydrofoil 
(the NACA 0. 0009 profi le)  was c ~ r r i e d  out by Wlzdimirow a d  Fro low i n  the 
4 towing tank of ZAHI . Experimentzl ly  i t  was  found th l t  both l if t  and d r a g  
coefficients d e c r e n s t  with the depth of immers ion ,  but the r a t e  of d e c r e a s e  
of the lift coefficient was f a s t e r  thsn that of d rag ,  especial ly  for  s m a l l  depths. 
The comparison betwcen theory and experiment on this point wes not very 
sat isfactory.  About the s ame  t ime,  the problem of cavitation on a submerge(  
obstacle of hydrofoil section such a s  a ship  propel ler  was approached by 
8 13 Ackeret  , walchner9,  ~ e r b s " ,  ~ a r t ~ r e r " ,  G u t s c h ~ ~ ~ ,  and Smith . 
Around 1937, fu r the r  contributions to the hydrofoil problem wcre made by 
15 16 
weinig14, Tie tjcns , and von Scher te l  . Weinig gave a p re l iminary  yet  
exhaustive discussion on hydrofoil and planing problems neglecting completely 
the effects of gravity and the f r e e  sur face  elevation; the wave res i s tance  f o r  
both c a s e s  was es t imated  approximately a f te rwards .  During the l a s t  World 
War, a s e r i e s  of t es t s  on a number of hydrofoils of different foil sect ions  was 
c a r r i e d  out a t  NACA by Land, Benson and Ward 17' 18' l9 in the NACA towing 
tank. Several  in terest ing r e su l t s  were  found. At depths g rea t e r  than 4 
chords,  the influence of the f r e e  sur face  i s  negligibly smal l .  In the range of 
depths between 4 chords  and approximately 1/2 chord,  lift and d rag  co- 
efficients dec rease ,  and the cavitation speed inc reases ,  with dec rease  in  depth 
until the hydrofoil approachzs and b reaks  through the surface a t  which point a 
sudden dec rease  in lift occurs .  However, the corresponding values of the 
l i f t -drag ra t io  increase  to maximum values when the hydrofoils a r e  near  the 
surface then dec rease  rapidly with fur ther  dec rease  i n  depth to values fo r  
the planing surfaces .  Obviously, these observat ions  indicate that there  cx is t s  
an optimum value of the depth for which the hydrofoil opera tes  m o s t  efficiently. 
The effect  of an inc rease  of speed i s  to reduce the minimum d r a g  coefficient 
and to make i t  occur  a t  a corresponding higher value of the lift coefficient 
until cavitation takes  place. Any lower sur face  cavitation reduces  the lift;  
while complete upper surface cavitation prevents  fur ther  increase  of lift, 
Under such condition, however, a maximum value of lift a s  high a s  1 ton per  
square  foot was recorded .  A profile with s h a r p  leading edge s e e m s  des i rab le  
for  reducing cavitation. The hydrofoil  section NACA 16-509 was observed to 
have favorable hydrodynamic proper t ies .  The stabil i ty problem of a sys t em 
2 0 
of hydrofoils was studied by Imlay , An exhaustive experimental  investiga- 
tion of a single hydrofoil with la rge  dihedral  was made by sottorfZ1 in the 
Gottingen towing tank in which eighteen different profiles were  studied; his  r e -  
sul ts  havc been made available only recently.  He found that a thin profile of 
a lmos t  c i rcu la r  segment  f o r m  with pointed nose and an inc reased  convex camber  
in the nose a r e a  i s  favorable for l aminar  flow, and consequently a l so  reduces  
cavitation, gives higher l i f t  and lift - d rag  ra t io ,  and minimum s p r a y  format ion 
at  the junction of the tip of the hydrofoil and the f r e e  watcr  sur face .  The main  
fea ture  of the depth cffects  on hydrodynamic proper t ies  a r e  in good agreement  
with NACA resu l t s .  I t  was a lso found that a par t ia l  cavitation on the upper 
sur face  has a favorable effect provided that i t  covers  l e s s  than a half  chord 
because a thin cavitation bubble layer  re inforces  the flow cu rva tu re  and thereby 
inc reases  the lift.  In addition, the bubble layer  l e s sens  the s u r f a c e  f r ic t ion by 
acting a s  a cushion between the solid surface and the high velocity wa te r  s t r e a m .  
However, this favorable range of operat ion i s  not very  stable. 
-5- 
G E N E R A L  FORMULATION O F  THE P R O B L E M  
Cons ider  a hydrofoil  of span  2b, with a r b i t r a r y  profi le  and plan f o r m ,  
moving with constant  f o r w a r d  velocity U through d sep  water  a t  f ixed depth 
of i m m e r s i o n  h which is m e a s u r e d  f r o m  i t s  t r a i l ing  edge to the m e a n  f r e e  
wate r  su r face .  If we choose  a coordinate  s y s t e m  fixed with r e s p e c t  to the 
hydrofoil ,  then i n  th is  s y s t e m  the f low pic ture  would appear  to be  s ta t ionary  
with a uniform f r e e  s t r e a m  velocity U approaching the hydrofoil.  L e t  thz 
x - ax i s  be pa r a l l e l  to the d i rec t ion  of the f r e e  s t r e a m ,  the z - a x i s  point up- 
ward,  with z = 0 r ep r e sen t i ng  the undis turbed f r e e  s u r f a c s  and  the t ra i l ing  
edge of the hydrofoil  lying between ( 0 ,  - b, - h) and (0, b, - h) a s  shown 
in  Fig .  1. 
l i L dis tu rbed  surf  ace m e  an f r e e  su r face  
Fig.  1 - Coordinate s y s t e m  fo r  the hydrofoil motion. 
The  elevation of the d i s tu rbcd  f r e e  su r f acc  caused  by the hydrofoi l  is denotcd 
by <(x, y)  m c a s u r c d  f r o m  z = 0. The liquid medium is a s s l rmed  to be in -  
compre s s ib l e  and nonviscous so  that the condition of i r r o t a t i ona l i t y  and con-  
tinuity impl ies  that  the per turbat ion velocity potential cp s a t i s f i  e  s the 
Lap lace  equation 
F r o m  i t s  solution thz total  velocity f i e ld  of thc liquid f low can  be obtained a s  
The p r e s s u r c  f ie ld  rnny be de t e rmined  f r o m  the Bernoul l i  in tegra l  
in which the effect  of gravi ty  ha s  been taken into account,  
Now le t  us  a s s u m e  that the resu l t ing  motion i s  such  that  a lmos t  ;very-  
3 
where 1 q I i s  much l e s s  than U s o  that  Eq. ( 3 )  m a y  be l i nea r i z ed  to yicld:  
The cor responding  l i n c r ~ r i z e d  boundary condit ions on the dis  turbcd,  f r e e  
su r f ace  now become 
and 
Eq. (5)  r e p r e s e n t s  the l inzar ized  k inemat ic  condition on thc fri.e s u r f a c e ,  
while Eq. ( 6 )  i s  idcnticnl  with the dynamic condition p = po = constant  
on the d i s tu rbed  su r f ace .  I t  may  be noted that gravi ty  a f fec t s  thz k inemat ics  
through the boundary conditions ( 5 )  and (6 )  and t h c r c a f t i r  inf luences  the 
dynamics  through Eq .  (4 ) ,  evzn though i t  docs  not appcar  dxplici t ly in  the 
k inemat ica l  Eq. (1). The bound3ry condit ion on  thc: hydrofoil  s u r f a c e  i s  
a v 
where  - i s  the nor lna l  component  of the velocity a t  the su r f ace .  It m a y  
a n  
a l so  be mentioned h c r i  thnt the r e a l  phys ica l  s i tuat ion r e q u i r e s  that the d i s -  
turbance ups t r eam should d imin i sh  a t  a  r a t e  which i s  made to ag r ee  with 
obscrvat ion,  
In o r d e r  to s impl i fy  thc p rob le  m,  i t  will be a s s u m e d  that t h ~  a spec t  
r a t i o  
of the hydrofoil with plan a r e a  3 and span 2 b  is so  l a rge  that  the whole 
hydrofoil  m a y  be rep laced  by a lifting line. Then the subsequent  analys is  
c an  be made s i m i l a r  to the P rand t l  wing theory of mode rn  ae rodynamics  
by introducing appropr ia te  modificat ions of Zirandtll  s o r ig ina l  concept.  The 
fundamental  concept i s  that the c i rcu la t ion  dis t r ibut ion along the lifting line 
which r ep l ace s  the hydrofoil  i s  the s a m e  a s  the dis t r ibut ion of bound vort ici ty 
in tegra ted  with r e s p e c t  to the chord  of the hydrofoil  along the span  di rzct ion.  
We then calcula te  the induced velocity f ie ld  of this  c i rcula t ion dis t r ibut ion on 
the lifting line. The  c h a r a c t e r i s t i c  length of th is  induced velocity f ield i s  
the span  2 b o r  the i m m e r s i o n  depth h, whichever is the s m a l l e r .  T h e r e  - 
f o r e  if  h i s  much  l a r g e r  than the represen ta t ive  chord  of the hydrofoil ,  then 
the cha r ac t e r i s t i c  length of the induced velocity f ie ld  is very  much  l a r g s r  tha 
the c h a r a c t e r i s t i c  length of the loca l  velocity f ield which is assoc ia ted  with 
the bound vor t ic i ty  and the c i rcula t ion.  Then  a s  f a r  as the l if t  production i s  
concerned,  e ach  sect ion of the hydrofoil is effectively sur rounded  by a 
s t r e a m  of infinite extent  moving with an  effective velocity which is not the 
f r e e  s t r e a m  velocity U but the s u m  of U and the induczd velocity. WJe 
then rep lace  the boundary condition of Eq.  ( 7 )  by the s t a t emen t  that the c i r -  
culat ion of the lifting l ine a t  a c e r t a i n  spanwise s ta t ion i s  the s a m e  a s  that 
corresponding to a two-dimensional  flow without f r e e  s u r f a c s  around the 
s a m e  local  sect ion with an effective f r e e  s t r e a m  velocity equal  to the s u m  of 
U and the induced velocity. Although ou r  a rgumen t  f o r  the lifting l ine con- 
cept  i s  based  upon l a rge  a spec t  r a t i o  Ai. Exper ience with a i r fo i l s  indicates  
that the theory can  be expected to be sufficiently a ccu ra t e  even fo r  A a s  
low a s  four.  
We shal l  a s s u m e  that along the lifting line the dis t r ibut ion of the c i r -  
culation s t reng th  r ( y )  i s  known fo r  given angle of a t t ack  and i m m e r s i o n  
depth. I t  should be pointed out  he r e  that fo r  shallow submergence  the effect: 
of the f r e e  su r f ace  modify considerably  the approaching flow veloci t ies  and 
thereby make  the p r e s s u r e  and l if t  d is t r ibut ion di f ferent  f r o m  i t s  cor respond-  
ing ae rodynamic  value. The re fo r e ,  in ou r  hydrofoil p rob lem the lift  d i s t r i -  
bution is no longer  s imply propor t ional  to r ( y )  a s  i t  is in aerodynamic wing 
theory  but is r a t h e r  a complicate  function of !-'(Y). When yy) i s  given, 
the l i f t  d is t r ibut ion can  be de te rmined  a s  wil l  be shown la te r .  However,  the 
calculat ion of f o r  known l i f t  d is t r ibut ion is m o r e  difficult. S t r i c t ly  
speaking, T' ( y )  depends not only on the f low velocity, angle of a t t ack  and the 
geomet ry  of the hydrofoil ,  but a l so  on the depth of submergence  h. When h 
t ~ n d s  to icfinity so  that  this  hydrofoil  is i n  a f low of infinite extent ,  the f r c e  
su r face  and wave effects  should vanish and r ( y )  then tends to i t s  conventional 
aerodynamic value I? y ) .  Since the c i rcu la t ion  f o r  equa l  a i r fo i l  snd  equal  
CO 
effective angle of a t tack i s  propor t ional  to the approaching re la t ive  f low velo- 
city, we have 
If ~ - ' ~ ( y ) ,  ins tead of r ( y )  a t  depth h, w e r e  given, Eq. ( 9 )  would l ead  to an  
i n t eg ra l  equation f o r  T' (Y) a s  wil l  be shown l a t e r .  A s i m i l a r  s i tuat ion r e s u l t s  
if one intends to f ind r ( Y )  a t  h f o r  given geomz t ry  of the hydrofoil.  T h e r e -  
f o r e  we sllall  f i r s t  cons ider  the s imple  c a s e  i n  which r (Y)  is a s sumzd  to be 
given. 
In  th is  c a se ,  the contribution of the lifting l ine  to the per turbat ion potdn- 
t ia l  can bc shown to have the following i n t eg ra l  r ep r e sen t a t i on  (cf. Ref ,  22,  
a l so  cf. Appendix I): 
s ign ( z  t h) s i n ~ x  (?I = - 2 Jmr (wl /  C O S ( L ( Y  -T ) e  -im lzt hid IJ- 
2 n 
' -0 0 
It  m a y  be noted that the above exp re s s ion  sa t i s f ids  Eq, (1) and h a s  a s ingular i ty  
-long the lifting line, a jump of r ( y )  a c r o s s  the vor tex shcc  t on the down- 
s t r e a m  side of the lifting line and i s  r e g u l a r  elsewhere insidc the water .  Need- 
l e s s  to say ,  cp has  no meaning above the f r e e  su r f ace  ( z >  <). It  m a y  a l so  be 1 
r e m a r k e d  h e r e  that  some  o ther  useful  r ep r e sen t a t i ons  f o r  4, can be wri t ten  1 
a s  follows (cf. Appendix I)  : 
s ign ( Z  + h) -.----- 
- 2 2 
- 4 -rr r c o r ( t ? ) d T r m d e r m  e - k l z f  h l  J 0 (k  d(x-5) t ( ~ - ~ )  ) k d k ( 1 0 a )  
where  Jo denotes  the B e s s e l  function of the f i r s t  kind. 
I t  i s  convenient  to decompose cp into t h r ee  p a r t s  
in such a way that  the boundary condition of Eq.  (6) is decomposed A S  follows 
and 
Phys ica l ly  this  dccornposition m e a n s  that  " r e p r e s e n t s  the potential  due to 
wavc formatior)  s o  that  cp is the o n l y p a r t  of cp which invo lves  the cffcct  3 
of gravi ty ,  and i t  van i shes  when the g rav i ta t iona l  cffcct  is neglected.  In this  
c a s e  the bound,iry condition Eq. (6 )  is a l so  re laxed.  I t  does not follow, 
however,  that the d i s tu rbance  < should a l so  vanish  because  < is  a lso  in -  
f luenced by ip l  and s2 through Eq. (5). The remain ing  p a r t  of p , 
namely, i P 1  + 'P2 , i s  equivs lent  to the potential  of 3 biplane s y s t e m  in 
infinite f l ow  with the uppcr lifting l ine  of an  equal  c i rcu la t ion  ( y ) ,  ro ta t ing 
in  the s a m e  s ense ,  d i s t r ibu ted  a long the image  points ( z  = + h) of thz r e a l  
wing. In o the r  words ,  Q r e p r e s e n t s  the co r r ec t i on  to ip due to the effect  
of the m e a n  f r s e  su r f ace  z = 0. According to this  ref lec t ion,  p 2  may  b~ 
wri t ten  down d i r ec t l y  f r o m  Eq, (10) by rep lac ing  h by ( -  h). In the range 
of p r e s e n t  i n t e r e s t ,  we have 
1 
- - 4 .rr rrn r h ) d l r m  c o s P ( y - r ) )  e " z - h ) d p ,  f o r  ~ $ 0 ,  (14)  
which may  a l s o  be conver ted into exp re s s ions  s i m i l a r  to Eqs .  (10a) and ( lob) .  
I t  m a y  be noted that th is  exp re s s ion  is r egu l a r  eve rywhe re  ins ide  the wa t e r ,  
Now i t  s e e m s  plausible to a s s u m e  that  and < m a y  be r ep re sen t ed  3 
by the following exp re s s ions :  
rO3 
s in  X x 
q , = /  a ( x i P ) T d l  Jm (z -h )  d p  
J-, 
f o r  z 4 0 ; 
where  a ( k l p )  and P ( A ,  .) a r e  two functions of p and A to be de t e rmined  
by using boundary conditions (5)  and (13). Substi tut ing these  values  into 
Eqs. (5 )  and (13),  we obtain: 
and 
These in tegra l  r ep r e sen t a t i ons  of cp and < can  be conver ted into f o r m s  con-  3 




q 3  = - 3JPl(q) s;c Q d Qlmek(z-h) cOs(kEcOs Q ) c y s ( k ( ~ - 7 ) s i n  @ )  
TT l i - A s e c  Q 
p(z-h)  cos  ~ ( y -  d p I f o r  z  s o ; 
" I  - 
-h k c o s ( k x  cos  ~ ) c o s ( k ( y - q ) s i n  8)  
2 k d k  
0 
k -6 s e c  Q 
I t  can be s e e n  that  this  value of given by Eq. (16) i s  even in ;r so 
that the e levat ion ups t r eam i s  m e r e l y  the ref lec t ion of that downs t ream.  
The re fo r e  i t  s e e m s  n e c e s s a r y  to investigate the behavior of t: f o r  l a rge  nega 
tive values  of x in o r d e r  to make a compa r i son  with observat ion.  The in -  
t eg r a l  r ep r e sen t i ng  < a s  given by Eq. (16) is inde te rmina te ,  but i t  i s  
f ami l i a r  in plane wave p rob l ems  that i t s  p r inc ipa l  value can  be obtained by 
consider ing k to be complex and evaluating i t  by contour in tegrat ion.  The 
path on the posit ive r e a l  axis  should be indented a raund  the point 
2 k = I< s e c  8 which i s  a  s imple  pole of the in tegrand.  After  deforming the 
contour to the imaginary  ax i s ,  we obtzin:  
- h  k c o s ( k x  cosQ)  c ~ s ( k ( y - ~ )  s i n  0 )  F r i nc ipa l  value of 2 
J o  k -  A s e c  8 
2 2 -hr ' i sec  8 
= - ( s i gnx )  .rrd s e c  Q e 2 sin(r(, xsec 8)  cos (d  (y-r)) s e c  Q s i n  8) 
-k lx i  cos  Q 
co s  h(k(y -q ) s in  8 )  i', sec'Q cos(k  h) + k sin(k h) , ,) 2 4 k2 t st s e c  Q 
The in tegrat ion of the l a s t  i n t eg r a l  in  Eq. (17)  with r e s p e c t  to Q (cf. Eq. 
(16)) should only extend over  the range fo r  which 1x1 cos  Q t  ( ~ - ~ ) s i n Q  > 0
- 
fo r  an  ass igned  point (x, y), (cf .  App. I1 fo r  the detai l) .  I t  i s  evident  f r o m  
Eq. (1  7)  that xlthough the in tegra l  vanishes  a s  x --. oo, the f i r s t  t e r m r e m a i n s  
even  for  x -3 - co. Then  the re  a r e  su r face  waves even  f a r  ahead of the hydrc  
foil. Th i s  is in contradic t ion with exper ience .  The paradox can be resolved 
by observing that the re  a r e  solutions of the ba s i c  flow equation, the f r e e  wave 
solutions,  which sa t is fy  the sur face  p r e s s u r e  condition of Eq. (6). We can 
then add these solutions to our  velocity potential without render ing  the solution 
so  far obtained invalid fo r  our  problem.  The appropr ia te  f r e e  wave solution 
to be added is de t e rmined  by the condition that  the f r e e  su r f ace  elevation 2: 
m u s t  vanish a t  l a rge  d i s tances  ahead of the hydrofoil.  There fore ,  we have to 
super impose  on t: anothzr  s y s t e m  of waves 
2 2 
Tr u -hr,sec 'sin(J4,x s e c  Q) cos(d(y-q)  s e c  Q s in  Q) d Q 
(18) 
which i s  odd in  x. In o r d e r  to r ema in  consis tent  with a l l  the boundary con- 
ditions, we m u s t  add to the velocity potential  ino other t e rm ,  say,  q4, given by 
2 
~ i ( z - h ) s e c  Q 2 
'P4 = -IT cos(f(x s e c  Q)  c o ~ ( ; t ( y - ~ )  s e c  8 s in  8 )  d 8,  
( for  z .: 0) (19)  
which obviously sa t i s f ies  Eq. (1). This  p a r t  of the potential may  bz thought 
of a s  a cor rec t ion  te rm.  The s a m e  r e s u l t  can be obtained by introducing a 
fictitious viscous t e r m  to the Bernoull i  equation (cf. Appendix 11, Eq.( 18) ), a 
device f i r s t  d i scoverec  by L o r d  Rayleigh. The physical  significance of this 
viscous t e r m  i s ,  however, not e a s y  to understand.  Gur argument ,  even if 
somewhat lengthy, has  i t s  mer i t .  
F r o m  the resul t ing express ion  of the sur face  elevation, t <' , i t  can 
be seen that the t e r m  with the factor  ' c  - k l x l  in  Eq. (17) diminishes  ex- 
ponentially with increas ing  I xi both in  ups t r eam and downs t ream direction.  
Hence fo r  l a rge  positive values of x, the sur face  elzvation can  be approximated 
by 
28 
t= 2 n u  sin(t<x sec  8 )  cos(,\(y-7)sec 0 s i n  8) d 8 , 
0 
( fo r  x > 0, l a r g e )  (20)  
This  re la t ion shows that t: i s  analyzed into components of s imple  waves,  
where each  t ra in  of waves (corresponding to one value of 8 )  propagates  on 
the downstream side of the wave f ron t  x cos  8 + I y-q 1 s in  8 = constant 
(cf. Appendix 11) with wave length 
7 A= 2lTu- 2 5 = 2 cos  8 . :-:. sc c 8 g 
This  configuration of su r f ace  wsves r e s e m b l e s  that of typical ship  waves 
(cf. Ref. 5, pp. 4 3 3 - 4 3 7 ) .  To study the behavior of t: di rec t ly  behind the 
hydrofoil  a s  x -+ + co, y finite,  we can  approximate  the in tegra l  in Eq. (20) 
by applying the method of s t a t ionary  phase  (e. g. cf .  Ref. 23, p. 505). Only 
the r e s u l t  wil l  be given h e r e :  
C ~ U  - s in  (,-<x t 1 ) ( )  d + O ( )  , a s  x - t m, y f i n i t e  (22)  
u2  
-CO 
The re fo r e  tends to z e r o  l ike 0 ( x - ~ / ~ )  f a r downs t ream ; and a t  f ixed x 
the effect  of f r e e  s t r e a m  velocity is such that L is  propor t ional  to U - l ,  
noting that  i n  Eq.  (22)  i-' ( y )  i s  propor t ional  to U. Eq,  (22) shows that a s  
the dis tance  f r o m  the hydrofoil  i s  i nc r ea sed  only the total  c i r cu l a t i ono n  the 
lifting line m a t t e r s ,  the deta i l  of the dis t r ibut ion of c i rcu la t ion  i s  inconsequzi 
t ial .  Th i s  i s ,  of c o u r s e ,  what we would expect  f r o m  gzne ra l  pr inciples .  
I t  may  be a l so  be s e e n  f r o m  Eqs.  (16) and (18)  that  the re  i s  a loca l  d i s -  
turbance iminedia tc ly  above the obstacle .  As we do not intend to examine 
the su r f ace  wave pa t t e rn  in  deta i l ,  the above d i scuss ion  suffices to de sc r i be  
the gene ra l  behavior of the su r f ace  elevation.  
Thus  f a r  we have found the complete  pe r tu rba t ion  potential,  namely,  
where  (PI, 'P2, (P3 and q 4 a r e  given by Eqs .  ( l o ) ,  (14))  (15) and (19) 
respect ively .  
CALCULATION O F  THE DRAG F R O M  INDUCED VELOCITIES 
The total  d r ag ,  neglecting the p a r t  caused  by f r i c t iona l  ef fects ,  ex -  
pe r ienczd  by the hydrofoil  may  be calcula ted by using the Kutta-  Joukowsky 
law: 
a 
where  - - cp (0, y, -h)  r e p r e s e n t s  the total  induced downwash a t  the t rz i l ing a. 
edge of the hydrofoil.  If we spi i t  D into components,  e ach  of which c o r r e -  
sponds to the respec t ive  component of cp , we have 
where  
a 
n  ~ ? ( Y ) Z  T ~ ( O , Y J  - h ) d y ,  ( n = l ,  2, 314 )  
The ce lcu l~ . t ion  of D the induced d r a g  due to the t ra i l ing vo r t i c e s  of the 1' 
hydrofoil  i t se l f ,  i s  f ami l i z r  in th ree -d imens iona l  ae rodynamic  wing theory  
and is  given by (cf. Rzf. 22): 
whe r e  
00 
!-I (7) s in  p q  d q  , (27)  
f ( ~ )  and g ( ~ )  a r e  thus m e r e l y  the Fou r i e r - coe f f i c i en t s  of the c i rcula t ion d i s -  
t r ibution P(y)  . 
aqn F o r  the r e s t  of D, we f i r s t  ce lcula te  - f r o m  Eqs.  (14), (15) and a z 
(19) and obtain: 
Substitution of thesd values  into Eq. (25) l eads  to: 
2 - 
D = r p , )  2 2 2  5 4 - 2  h d s e c  ' 1 f ( X  s e c  8 s in  0)  + g(r(sec Q s in  0)2  -1 s c c  Q d 8 I 
- I 
where  f and g  a r c  defined by Eq.  (27). The combination of D and D3 2 
r e p r e s e n t s  the total contribution of the m e a n  f r e e  su r f ace  e f fec t ,  which 
f a v o r ~ b l ~  d e c r e a s e s  the tot21 d r a g  espec ia l ly  when h  is s m a  11. As h tends 
to ze ro ,  D2 t D cance l s  3 The p a r t  D4 r e p r e s e n t s  the wave d r a g  due 
to thz do-wnstream wave fo rma t ion  which r e s u l t s  f r o m  the g rav i ty  s f f ec t .  It 
m a y  be r e m z r k e d  he r e  that the wave d r a g  can  a l so  be obtained by the method 
of t ravel ing sur face  p r e s s u r e  (cf. Appendix 111). 
F r o m  the above r e s u l t  we s ee  that  the d r a g  i s  e x p r e s s e d  in t e r m s  of thd 
F o u r i e r  coefficients ,  ( f ( t ~ )  and g(p), of the c i rcu la t ion  dis t r ibut ion r (y). 
The re fo r e  for  givzn r (y) ,  the total  d r z g  is complete ly  de te rmined .  In 
m ~ s t  c a s e s ,  the wing f o r m  i s  s y m m e t r i c  with r e s p e c t  to the c e n t r a l  plane 
y = 0, that i s ,  
= rt-Y) , ( 3 0 )  
then i t  follows f r o m  Eq. (27) that  g vanishes  identical ly under this  condition. 
By substi tut ing thz re la t ions  of Eq. (27) into Eqs .  (26), (28) and (29), 
the d r ags  can be exp re s  s e d  d i rec t ly  i n  t e r m s  of the c i rcu la t ion  distr ibution.  
Thus  
a3 





- 2 h d s e c  0 G ( q - q t )  = - 2 5 cos  [ (q - r ) t ) , \~sec  @ s i n  Q] s e c  0 0 ( z ~ , . )  i 
Eq. (261) is the f ami l i a r  dr.2g fo rmu la  fo r  the P rand t l  lifting l ine theory.  
Eq. (29b) shows that G(q-ql)  i s  symmetrical with r e s p e c t  to r) and q'. 
I t  i s  seen  that the d r a g  components D l ,  D2 and D3 a r e  independent 
of the gravi ta t ional  effect .  They  a r e  thus p roper ly  ca l led  the components of 
the induced d rzg ,  All the d r a g  caused  by the p resence  s f  s u r f ace  waves i s  
- 
r ep r e sen t ed  by D4. D4 is thus the wave drag.  Our  calculat ion does  not 
include, however,  the skin  f r i c t ion  d r a g  produced by the viscous  shear ing  
s t r e s s  on the su r f ece  of the hydrofoil .  Th i s  sk in  f r i  ct ion d r a g  should be 
added to the d r a g  calcula ted in  this  sect ion to obtain the to ta l  d r a g  of the hydro-  
foil. 
CALCULATION O F  THE TOTAL L I F T  
I t  i s  well  known that the l i f t  e x e r t e d  on a wing flying i n  a n  infinite fluid 
i s  given by 
In the hydrofoil  p rob lem,  tlowever, thc: approaching s t r c a m  v;31ocity i s  influ-  
enced by effects  of the f r e e  su r facz  2nd wave f o r m ~ t i o n s .  Hence,  the totel  
l i f t  on  the hydrofoil wil l  differ  f r o m  i t s  aeriidynilmic value Lo by an  amount  
A L  such  that  the total  l i f t  
where  
F r o m  the zxpress ion  of we find that q1 and (p4 havc na contribution t s  the 
vzlue of zt the hydrcfoil.  The f inal  r e s u l t  i s  
a x  
2 
cos(k(y--q) s in  8) kt ~ { s e c  Q k d k  
2 Tr 
-a k - )<sec2  Q 
( 3 4 )  
Substitrution of this  v?-lue into Eq. ( 3 3 )  yic lds :  
where  f and g a r e  again  given by Eq.  (27) and g vanishes  Lor s y m m e t r i -  
c a l  wings. Equation (35) r e p r e s e n t s  the contribution of f r e e  su r f ace  e f fec t s ,  
which tend to l e s s e n  the total  lift. 
By substi tut ing the re la t ions  of Eq.  (34) into Eq.  (33), a d i r e c t  ex -  
p r e s s ion  of A L  in t e r m s  of the c i rcu la t ion  dis t r ibut ion ? (y) is obtained:  
where  
2 t d s e c  8 
c o s  [(rl - r l t ) p  sin0]- d 0 (35b)  
IT p - I< s e c  0 
Th e re fo r e  the magnitude of AL is i n  gencrzll equa l  to the magnitude of d rag ,  
i. e . ,  of one o r d e r  s m s l l e r  than the l if t  L. 
In  connection with the p r e sen t  d iscuss ion,  we examine the effect  of i m -  
m e r s i o n  depth on the vzlue of i7(y). Substituting Eq. (34) int:, Eq. ( 9 ) ,  we 
obtain the following re la t ion  fo r  a s y m m e t r i c a l  hydrofoi l ,  
t d s z c  0 
r ( ~ )  = rm(y) s i n  Q) C O S ( ~  s i n  dQ 
p - h s e c  0 
o i 
where  r,(y) is the vnlua of T ( y )  fo r  the s ame  wing and s e m e  effective nnglz 
of a t tack a s  h -= m. If '-'(y) a t  depth h is given, then the ze rodynamic  
value of the c i rcu la t ion  of the s a m e  wing, t7 (Y), cah be calcula ted f r o m  Eq. 
a3 
(36). On the o ther  hand, i f  only r (y )  is known, then Eq. (36) provides  an  33 
in tegra l  equation f a r  P(Y)  s ince  f a l so  depends on r ( y ) ,  However,  f o r  
m ~ d e r ~ t e  values  of h, 7 (y )  and iTW(y) a r e  approximately  equal  as wil l  be 
shown l a t e r .  
GEOMETRY O F  THE HYDR0FC)IL; EFFECTIVE ANGLE O F  ATTACK 
Take a s t r i p  c;f the hydrofoil  of width ( d  y) i n  the spznwise  d i r e c t i ~ n  and 
with chord c(y) located a t  y. According ta the ba s i c  concepts  of the lifting 
lint. theory explzined in the s e c t i ~ n  "Genzral  Formula t ion  of the P rob l zmH,  
the c i rcu l s t ion  T'(y) 2rc~und the lifting l ine a t  y is the same 2s the c i rcu la t ion  
ercund the cor responding  hydrofoil  sect ion.  I t  then fol lsws thet  thc: l i f t  a n  this  
lifting line segmcnt  is the s e m e  a s  the l i f t  on this  hydrofoil  sect ion,  in tzgr- ted  
with r s s p e c t  to the chord  of the hydrofoil ,  The loca l  flow around th is  h y d r 3 f ~ i l  
sec t i c~n  in  a plane y = constant  m a y  be then c i lns idered a s  a two-dimensional  
f l a w  around the srznle h y d r o f ~ i l  sect ion,  with f r e e  s t r e a m  velocity ( U  + u(y), w(y)) 
and without f r e e  water  su r f ace .  T h e r e f o r e  the loca l  l i f t  c o ~ f f i c i c n t  ~ ~ ( y )  and 
d r a g  coefficient C - ( y )  pe r  unit chord  length can be defined by 
L l  
where  u ( ~ )  and w(y) denotr  the inducdd vcloci t ics  % znd '2) r e s p c c -  a . ~  ( -a  z 
tively a t  the hydrofail.  The above re la t ions  then give 
and 
- W(Y) E (y)  = - - 
u + U(Y) 
where  e ( y )  is defined by the above equation as the downwash ~ n g l e ,  Eq. (38)  
ind ica tes  s n  impor tan t  f en tu rc  of the locql  f low that the ac tua l  absolute  anglz of 
a t tack an*, m e + s u r e d  f r o m  thc f r e e  s t r e a m  to the ze ro- l i f t  d i rec t ion ,  i s  mod i -  
f icd to -?n effective znglc of a t tack a m e a s u r z d  f r o m  the approaching s t r ~ ~ m  
L2 ' 
to the z e ro - l i f t  d i rec t i3n  on account a f  the loca l  pe r t u rbed  vzlocity a s  shown in  
F ig .  2. The re l3t ion between a and a e  is given by 
a 
z e r o  l if t  l ine  
1---. 1~:q-7-.-- 
--- --- 
-A L; --G-f- 
+ UCu 1 
I W r 
F ig .  2 - D>wnw?sh ~ . n d  effect ive  angle of a t tack.  
In this  way we can  s epa re t e  the th ree -d imens iona l  e f fec t s  and two-dimensiaml 
cffects  by tzking the local  s e c t i ~ n a l  c h a r a c t e r i s t i c s  of the hydrofoil  et depth 
h ?.nd z t  absolute incidence a to be the s a m e  c h a r a c t e r i s t i c s  of the sect ion 
a 
of ;._ two -dimensional  hydrofoil  submerged  a t  infinite depth and sus ta ined  ?t 
an  absolute incidence equal  to a = aa  - 6  (Y). R e f s r r i n g  to these  two i n -  e 
cidence s, CC (Y) is approximately  propor t ional  to aa o r  a fo r  m c s t  of 
e 
the usua l  prof i les  a t  s m a l l  incidences  (Ref.  17 znd 21). Moreover ,  when 
a vanishes  s o d o  a 2nd E ( y ) .  Hznce w e m a y p u t  
ki e 
In genzral ,  a l l  e a a and a e  may  be functions of y. In pa r t i cu lz r ,  
a' eJ 2 
a is constant  f o r  wings with no geome t r i c  twist,  and in addition with the 
a 
s a m e  profi le  al12ng the span,  a is constant .  Combining Eqs .  ( 3 7 )  - (40), 
e 
we have 
F o r  given i7(y), u ( ~ )  and w(y) a r e  de te rmined ,  then this  re la t ion  gives the 
valar of the chord length c(y) except  f o r  a propor t ional i ty  constant .  In 
pa r  t i c u l ~ r ,  
which gives the re la t ion between r ( 0 )  and c the chord  z t  the c e n t r a l  
0' 
s e c t i ~ n .  
FORMULATION OF P R O B L Z M  WITH SPECIFIED GEOMETRY 
The prob lem is f ~ r  given geome t ry  of the hydrofoil,  that  i s ,  given b,  
c(y), a,(y), ae 2nd h, to find /- '(y), CL and CD . The re la t ion between 
the given quanti t ies and the unknown P(y)  was  approximated i n  the sect ion,  




1 - a * ( ' +W)  - , 7 u C(Y) Z e  
where  f r o m  Eq. (34) and the sect ion "Calculation of the Drag  f r o m  Induced 
- 2 h p  t 2 +r;sec Q co s p.( y --q) s in  Q 2 pdy .  , 
0 
( 4 3 )  
2 ;<'fa rnl2 5 - 2  hA. s e c  Q + -  I- (TI drl s e c  0 2 i 2 1 
7r 
cos  r ( ( y q ) s e c  8 s i n 8  i d @  1- 
On;: way to solve this  in tegra l  equation i s  by using a mcthod s i m i l a r  to that of 
27  I. Lo tz  in az rodynamic  wing theary .  Th i s  method  cons i s t s  in a s suming  
fo r  the c i r c u l a t i ~ n  T(y) ctt d is tance  y f r o m  the plane of s y m m e t r y  the fo rmu la  




The cozfficients  A2n + e r e  to be de t e rmincd  by using the condition (42). 
Thc f i r s t  t e r m  3f the F o u r i e r  s e r i e s  i n  Zq. (45),  namely,  
r e p r e s e n t s  an e l l ip t ica l  d is t r ibut ion af tht: c i rcula t ion.  Thc r e s t  of the t e r m s  
m a y  be r e a a r d e d  a s  e m e a s u r e  of the d c v i a t i ~ n  be tween the ac tua l  d is t r ibut ion 
and the e l l ip t ica l ,  
Substituting Eq. (45)  in (43)  . n d  in te ,gra t ing by p a r t s  with r e s p e c t  to q , 
we obtain (cf. Appendix IV, A) 
where 
2 
-2A t  t t b d s e c  8 
' ~ n t l  J2n t  1 ( t  s i n  8) C C ) S ( ~  C O S ~  s i n  8 )  d t, t  - br<sec28 (463) 
h x r  F; - 1 - dzpth - - span ra t io  . 2 (4 6b) 
In a s imi l a r  mznner ,  substi tution of (45) in  (44) gives (cf. Appendix IV, B) 
n=o 
where 
2 2n t  1 
n t l  )32nt = sin(2ni-1) fl t ( - )  ( s in  6 )  RC [\11 t (2h - i  cos  6 )  - (2h - i  cns gll 
7- - \j 1 t (2k  - i  cos  6)" 
2 2 2 t ( - ) n r  b d  sin !d[T'[u-2hdsec 'J 2nt  1 (bi<.sec 0 s in  ~ ) c o s ( b d c o r  d s e c  0 s in  8) 
d o ]  sin Q d o  
F o r  s y m m e t r i c a l  wing we r equ i r e  that both the chord  c(y) and the incidence 
a (y)  a r e  even in  y, hence we m a y  expand the following quanti t ies into 
a 
F o u r i e r  s e r i e s  with known coefficients 
oa(y) s i n $  = A Bzn cos  2nfl . 
n=o 
Substituting Eqs.  (45) - (49) into Eq. (42), we get 
where UZntl 
and w ~ n t l  a r e  given by Eqs ,  (46a) and (47a). To de tcrmine 
the coefficients A 2n t  1 f r ~ m  Eq. (50) would necess i ta te  the expansion of the 
lef t  s ide ,  and both I A  Zn+ (16) end :,I$ ($), into a F o u r i e r  s e r i e s  in  6 ,  thus 2 n t  1 
lc  nding tc, infinitely many l i nea r  equetions,  in inf in i te ly  many  unknowns. The 
ss lu t ion to this  p rob lem is o b v i ~ u s l y  a di f f icul t  one. However,  a v e r y  good 
?pprc;ximation can be obtained by using a method f ~ r  p r ac t i c z l  ca lcula t ion on 
2 8 
wings of f ini te span,  due to 11. Glauer t  . Replace  the infinite s e r i e s  r e p r e -  
sentat ion of r ( y )  given by Eq. (45)  by a n  approx imate  value i n  t e r m s  of a 
finite s e r i e s  of, say ,  m + 1 t e r m s ,  
Th is  exp re s s ion  of P(y) then reduces  the condition of Eq.  (42)  to 
Th i s  e q u a t i o n c a n n o t b e  s a t i s f i ed iden t i c a l l y  fo r  a l l v a l u e s  of 6 .  However ,  
i f  ( m  + 1) pa r t i cu l a r  values  a r e  sui tably  chosen  f o r  jd, we ge t  m t 1 l inea r  
equations f r o m  which the ( m t  1) coefficients ,  Alp  Aj,  - - AZrnt l ,  can  be 
determined.  The values  of these  AZn j l  SO obtained wil l  sa t i s fy  Zq. (52), 
not identical ly,  but only a t  the s e l ec t ed  points. In genera l ,  the f i r s t  four  co -  
s f f ic ients  usually give a sufficiently a ccu ra t e  resu l t .  The deta i l  of such  c a l -  
culat ions will not be given h e r e ;  however,  the ca lcula t ion of the f i r s t  o r d e r  
t e r m  i s  quite s i m i l a r  to that  of a speci f ic  example  of the d i r e c t  p rob lem d i s -  
cu s sed  in  the sect ion "Example - Ell ip t ica l  Dis t r ibut ion of the Ci rcu la t ion  
Having obtained the value of r ( y )  fo r  th is  i nd i r zc t  problem,  the ca l -  
culat ion of the lift  and the d r a g  i s  then the s a m e  a s  that  of the d i r e c t  p rob lem 
d i s cus sed  i n  sect ion ' lCalculat ion of the D r a g  f r o m  Induced VelocitiesH.*arid 
sect ion "Calculation of the Tota l  Lift". The  r e s u l t s  can  be d i rec t ly  wr i t t en  
down by asc r ib ing  to f(tz) and g(p) the following value: 
s i n  EL T-J 23.l d q  drl 
and 
MINIMUM DRAG FOR GIVEN L I F T  
We sha l l  cons ider  a hydrofoil  of span  2 b s o  that r ( y )  = 0 f o r  Jy l  >, b, 
The problem i s  to find a d is t r ibut ion r (y)  such that the d r a g  D i s  min imum 
under the condition of constant  lift  L .  By the method of undetermined mul t i -  
p l i e r s  the r equ i r emen t  is 
where  the var ia t ion  i s  c a r r i e d  out  such  that w ( y )  = 0 a t  y = + b, Applying 
- 
the above var ia t ion to the gene ra l  exp re s s ions  f o r  D and L given by Eqs .  
-- 
(26a)  - (29b), (31). (35a),  and (35b), using the re la t ion  that 6 [j-'(rl)r(rlt) - I 
= p( r i )6 r (q l )  + r(.r1f)6r(T) and noting that both F(r, and G ( T - q ' )  defined 
respec t ive ly  by Eqs .  (35b) and (29b) a r e  s y m m e t r i c  with r e s p e c t  to (rl 
we obtain 
Since 61-'(y) i s  o therwise  a r b i t r a r y ,  the quantity ins ide  the b r acke t  m u s t  
vanish identical ly.  O r ,  using the p r e sen t  notation, we have 
The constant  mul t ip l ier  A de te rmined  by Eq .  (55) equa l s  approximately  
0 
twice the value of the downwash angle E f o r  not too shallow submergences ;  
m o r e  p rec i se ly ,  the d i f fe rence  E -h i s  a  second o r d e r  s m a l l  quantity 
Z 
given by 
There fore ,  the condition fo r  the min imum total  d r ag ,  accounting fo r  a l l  
c ause s  and holding l if t  constant ,  i s  that the total downwash angle m u s t  be 
constant ,  along the span, u p  to tile f i r s t  o r d e r  t e r m .  -When depth of s u b m e r -  
gence bzcome s infinite, u(y) tends to z e ro ,  the above condition i s  r educed  
to the r equ i r emzn t  of constant  downwash which i s  i n  a g r e e m e n t  with a e r o -  
dynamic wing theory.  
Substituting the expl ic i t  exp re s s ions  of the induced veloci t ies  w(y) and 
U(Y)  given by Eqs .  (43) and (44) into Eq. (55), we obtain the following i n t eg ra l  
equation fo r  r (y): 
2 p t i s e c  Q d g  
= 2 I ( 5 5 4  p -I< s e c  0 
To solve this  equation a p r ac t i c a l  method of approximat ion s i m i l a r  to that  used 
in solving Eq.  ( 4 2 )  of the ind i rc  c t  p rob lem may  a l so  be applied he r e .  Assum-  
ing that  the exac t  solutian of Eq ,  (55%) may  be approx imated  by the exp re s s ion  
given by Eq, (51), Eq .  (55) can be reduced  to the f o r m  
where Xizn t1  
and 'WZni-1 a r e  given by Eqs .  (46a) and (47a) respect ively .  
F rom this  equation the* f i r s t  (mt  1) coefficients  A m a y  then be de t e rmined  
f o r  ( m  + 1) pa r t i cu la r ly  se lec ted  values  of P I .  I t  should be r e m a r k e d  here  
adain that the solution s o  obtained cannot sa t i s fy  Eq. (56) identical ly in  @, 
but nevs r t he l e s s  g ives  a good approximation.  The  e s t ima t i on  of the deviation 
of this  solution f r o m  ths elliptic21 dis t r ibut ion,  which is the solution of the 
cor responding  problem in zcrodyn-.mic wing thzory,  wil l  be made  in the spec i -  
f ic  exemple  d i s cus sed  below. 
EXAMPLE - ELLIFTICAL DISTRIBUTION OF 
THE CIRCULP.TION STRENGTH 
As shown in  the ind i rec t  problem that the f i r s t  t e r m  in  the a s sumed  rx-  
pansion of r ( y )  given by Eq. (45) r ep re sen t s  the so-cal led e l l ip t ical  d i s -  
tribution, i t  would be of i n t e r e s t  to consider  a d i r ec t  problem of a hydrofoil 
of span 2 b i m m e r s e d  a t  a fixed depth h with an e l l ip t ical  distr ibution of 
P(y), that  i s ,  
= 0 ,  J Y I  2-b 
Although for  s given hydrofoil of fixed geomet r ica l  f o r m  this distr ibution 
cannot be h e l d f o r  different values of h, never the less  i t  gives in teres t ing 
resu l t s .  In this problem we sha l l  fu r ther  define the F roude  number  of the 
motion by 
which i s  one of important  p a r a m e t e r s  of this problem. We sha l l  most ly  be 
conczrned with la rge  values of u, corresponding to shallow submergsnces .  
F o r  instance,  fo r  U zqual to 80 f t /sec  and h equal to 4 ft, u i s  approxi-  
mately  50. W e  s h a l l f u r t h e r  denote 
1 u2  2 -  p = - = -  
bi', g b '  - A .  cr - 7 7 -  
p i s  in genera l  a lso  very la rge  in  ou r  velocity range of in te res t .  
F o r  this distr ibution of r ( y )  we find, f r o m  Eq. (27), 
a ,  Calculation of the Drag  
Substituting Eq. (59) into Eq. ( 2 6 ) ,  we have (cf. Ref. 24, p. 405): 
- 2 6 -  
2nd f r o m  Eq. (28)  we obtain (cf. App. IV, C )  
'pr I"=; -211 t-' U + D 3 = -  J,Z (P b) 2 4 t-' dt-' 
whdre K(k )  and E(li) denote the complete  e l l ip t ic  i n t eg r a l  of the f i r s t  2nd 
1 
second kind rcspec t ive ly  2nd X is the depth -- span  r a t i o  defined by Eq. (58b). 2 
Using the s e r i e s  expansions  2nd the asymptot ic  e x p ~ n s i o n s  of K and Z 
(cf .  Rzf. 26, p. 73), we f ind th;: bzhavior of (D + D  ) f o r  s m z l l  and largc: 2 3 
values  of X r c spec t ive ly  a s  follows: 
1 
As h 4 m ,  the d r a g  due to the su r f ace  effect  d imin i shes  like - , YJhen the hL 
hydrofoil b ~ c o m e s  a pllnriing su r f ace ,  i .e .  h+O, we f ind that  (D2  tDj) 
tends to a finite valuc - a pi702/8 which cance l s  D and consequently,  the 1'  
d r a g  i s  thzn solz ly  dui: to the wavc effect.  
T o  find the wave d r a g ,  we subst i tu te  Eq.  (59) into Eq. (29) and obtain 
the foilowing in tegra l* :  
1 2 
"/? - 0- e c  j ( -  s e c  Q s i n Q )  -I 
D4 =np[-''l e 1 P  2 I s e c B d Q  5 
I s e c  Q s i n O  I 
(63) 
.A 
* F r o m  the i n t eg ra l  r epresen ta t ion  of the wave d r a g  given by Eq. (63), we 
note that - 
which can  be d i rec t ly  de r i v sd  f r o m  dimensional  ana lys i s  (cf. Ref. 5, p. 438). 
Th is  is  a useful  non-dimensioilal  f o r m  fo r  expe r imen t a l  purpose .  
F o r  gene ra l  values  of the F roude  number  u, the above in tegrg l  m a y  be con- 
ve r ted  into an infini te s e r i e s ,  e a c h  t e r m  of which conta ins  modif ied  B e s s e l  
functions of the second kind, (cf. App. IV, D),  as follows: 
F o r  ve ry  s m a l l  values  of cr ( - large  h, o r  A )  , we can  use  the asympto t ic  
1 
zxpansion of X (-) , 
n u 
2 
e - /  [ + 4 + 4 - ( 2 - 2 )  u 2 t ; . . . . . .  
n u 2! (a)2 
So we s e e  that i n  this  c a s e  the s e r i e s  i n  Eq. (64) converges  ve ry  f a s t  and the 
f inal  r e s u l t  m a y  be e x p r e s s e d  asymptot ica l ly  by 
wh ichd imin i she s  exponential ly w i t h i n c r e a s i n g  h. As  a r e m a r k ,  the above 
asymptot ic  exp re s s ion  df D f o r  u s m a l l  c an  a l s o  be obtained by evaluating 4 
the in tegra l  of Eq. (63)  in  a complex 0 plane and applying the method of 
s t e epes t  descen t  ( e .  g. cf. Ref. 2 3 ,  p. 504). 
1 F o r  l a rge  values  of r (.r s m a l l  h), K,(-) h a s  the following expan- 
sion: 
I t  can be s e e n  that the m o s t  impor tan t  contribution to the s u m  of the s e r i e s  
1 n t l  in Eq. (64) c o m e s  f r o m  the t e r m  - n! (2u) 1 2 of the expansion of K (-1. n t l  u 
As shown in Appendix IV,  E, this  t e r m  r e s u l t s  in  a s e r i e s  which converges  
only fo r  X t 1 and r e p r e s e n t s ,  i n  th is  region,  an analytic function of A. 
Consequently the value of the wave d r a g  D4 f o r  shal low submergences  
( * - A c l )  may  be obtained by some analyt ical  continuation of this function f r o m  
ihe region X >/ 1 to the whole region of physical  in te res t ,  namely,  0s X : 
(cf. Xpp. IV,  E). The final r e su l t  i s  
I't i s  of i n t e r e s t  to note that when the hydrofoil i s  c lose  to the sur face ,  the 
wavz d rag  i s  r a t h e r  s imi l a r  i n  behavior but of the opposite s ign  and numer i -  
cally a lmos t  twice of the d r a g  due to the su r f ace  effect  (cf. Eq. (61)). How- 
ever, i t  should be emphasized here  that  even  r(Y)/Po were  the s ame  function 
of y fo r  a l l  values of A, r0 s t i l l  depend on X, especial ly  for  L s m a l l ,  
(cf. Eqs. (9)  and (41a)) Consequently the actual  dependence of the induced 
and wave drag  on X for  a given hydrofoil a t  fixed geomet r ic  incidence can 
only be de te rmined  af ter  the function f ( A )  i s  found l a t e r  i n  this section,  
.O 
pa r t  (d). 
I t  is a l so  of i n t a r c s t  to compare ,  when a i s  smal l ,  the f i r s t  t z r m  in 
Zq.  (64),  
with the wave r e s i s t sncz  on a moving s p h z r r  of rad ius  r given approximately 
by (cf.  R e f .  5, p. 437, a l so  Ref. 6) :  
3xcep t  for  a proportionali ty constant which depends on the s ize  of the obstacle ,  
they hzvr: the s ame  dzpendence on cr. Zvidently an obse rvz r  on wzter  s u r -  
face cannot dist inguish bodies of di f fzrent  f o r m s  if they move 2t sufficiently 
g rea t  depth. 
b. Calculat ion of thc L i f t  
The  total  l i f t  exper ienced  by the hydrofoil can  be obtained, by subst i tu-  
ting Eq. (59) into Eqs .  (31) - (35)) a s  follows: 
L = L 0 t h L 1 + L 2  
where  
-P ro 
eeZhp.T:(b s i n  Q) * , 
tJ 
~ / 2  2 
- p% 77 s i n  @ 8 ~ e 2 h p J ~ ( b p   sin^) s c c  8 d p  2 .  
p ( p - d s e c  8)  
(72)  
I t  c2.n bz s een  that  L is the aeroclynamic value of the lift ,  i s  inde- 
0 
pendcnt of the grevitzitional ef fect ,end thus r e p r e s e n t s  the co r r ec t i on  due to 
the mean  f r e e  surf;.ce. All the l i f t  caused  by the su r f ace  wave effects  is 
r zp r e sen t ed  by AL 2 ' F o r  s m a l l  incidence angles ,  ? is approxim zte ly 0 
propor t ional  to thz incidence angle (cf. Eq. (41a) ) ,  hence rc la t ive  to L 
0 ' 
aL and D c?re second o r d e r  s m a l l  qusnti t ies.  
The i n t cg ra l  r ep r e sen t i ng  A L ~  contains the s a m e  i n t eg r z l  givzn in  
Eq. (61)  (cf.  a l so  App. IV,  C), the r e s u l t  of which mny be then ap?lied he r e .  
Aftcr  this  substi tut ion,  in tegra t ing by p a r t s  with r z s p z c t  to 8, we obtain 
.- s i m p l e r  represen ta t ion  fo r  (cf.  App. IV,  F) : 
- 
where  e ( k )  is 3 der ived  complete  e l l ip t ic  i n t eg r a l  (cf. Xe f .  25, p. 73) 
defined by 
~ / 2  2 2 
s i n  fJ cos  pl 
2 '3/2 [ I  - k 2 s i n  fl d d  
.- 
and 
F o r  O <  h <oo we have the cor responding  values  of A and )C a s  0 : X coo 
and 1 >>: 0. When h- 0 k+ 1), the i n t eg ra l  i n  Eq. (73) tends to a definite 
value, namely  
where  ~ ( k )  is ano ther  de r ived  comple te  e l l ip t ic  i n t eg r a l  (cf .  Ref. 25, p. 78) 
defined by 
1 Hence i q .  (73) indicates  that  A L , ~  tends to oo l ike - a s  A s  0, noting that  
2 X does  not vanish, as wil l  be shown l a t e r .  T h i s  f a c t  is not s u r p r i s i n g  
because  i t  is known that a s  the hydrofoil  approaches  the planning condition, 
the to ta l  lift  d rops  to a lmos t  half of i t s  ae rodynamic  value Lo (e. g. 
cf. Xef. 14). The divergence of the i n t eg ra l  in  Eq. (71) s imply  impl ies  
Chat this  szcond o r d e r  s m a l l  quantity wil l  g row s o  l a r g e  that  i t  wil l  modify  
the value of the f i r s t  o r d e r  quantity Lo. 
F o r  A not too s m a l l  (-A not too c lose  to l ) ,  the i n t eg ra l  i n  Zq, (73)  
can  be calcula ted by using the known expansion of $(k), (cf. Ref. 25, p. 73)) 
given a s  follows: 
Substituting th is  expansion into Zq.  (73)' then applying the t rans format ion  
2 2 k 
=)( t  and in tegrat ing t e rmwise ,  we obta in  (cf. App, IV, G) : 
This f o r m u l a  should be good fo r  A >  1 ( o r  h >  b). F o r  f3 c lose  to 1 ( h %  O ) ,  
the above s e r i e s  converges  slowly;  hence we have to r e s o r t  to some  o the r  




Now the f i r s t  i n t eg r a l  c an  be in tegrated,  
and the second i n t eg ra l  may  be approx imated  by 
F ina l ly  we have 
t 0 ( A 4  log A )  , 
and us ing the known expansion of B P )  and @b) as X+1, we obtain 
3 5 log 2 - - t g log log A )  a s  A - r O  (78a) 4 
The  i n t eg ra l  r ep r e sen t i ng  a2 in  Eq. ( 7 2 )  is inde te rmina te ,  but i t s  
pr inciple  value ex i s t s .  The method of contour in tegrat ion de sc r i bed  p r e  - 
viously in  the sect ion "General  Fo rmu la t i on  of the Frobleml1 gives a compl icated 
express ion.  In this ca se  we shal l  use the following approximation.  By 
2 
p = ( d s e c  0)u we can t ransform Eq. (72) into the following form:  
- 2 sec  0 .J1(;sec2@ s in  0)  
&2 = - p u q i z ~  ' Jo e ' [ sec2. sin. 0- 'src4Q d 0 (79) 
The inner  in tegral  i s  very  s imi l a r  to that represen t ing  D in Eq. ( 6 3 )  which 4 
i s  d i scussed  in deta i l  in Appendix IV, D. This  in tegra l  may  be t rea ted  in  a 
s imi l a r  way (cf. App. IV, H). Because the in te res t ing  fdature  of A L 2  a lso  
comes  f r o m  the integration with r e spec t  to u , we sha l l  take only the f i r s t  
o r d e r  t e r m  of the inner  in tegral .  The final  r e s u l t  i s  a s  follows(cf. App. IV, H) :  
f o r  IJ very la rge  (shallow submergence) ,  
and fo r  cr very  smal l ,  
2 3 
P lTo r (-) Lr
AL2= - 
A] 4 p 
.--- 
F r o m  these re la t ions  i t  i s  of i n t e r e s t  to s e e  that LL, tends to a constant 
2 1 
I l t  K(y t log!)] ( 1 + 0 ( *  , --) ; (80) 
1 L 
value p l ' '  . ~ ( ~ ) / 4 \ r Z  2 s  h tends to zero.  This  r e s u l t  i s  quite a con t ras t  to 
the fea ture  of ALL. Compared with hL the value of AL2 i s  s m a l l ~ r  for  1' 
a l a rge ,  and g r e a t e r  fo r  IT smal l .  
c. The Induced Ve1ocit.v a t  the Hvdrofoil 
In o r d e r  to investigate fu r ther  the geomet r ic  and hydrodynamic p rope r -  
t i es  of the hydrofoil,  we need to know the value of Po ; and if we want to ca l -  
culate r in t e r m s  of given quanti t ies,  we have f i r s t  to obtain the values of 
0 
the u-velocity and the downwesh a t  the hydrofoil (cf. Zq. 41). 
Substituting the value of i7(y) into Eq. ( 43 ) ,  we may z x p r e s s  u(y) i n  
t e r m s  of two p a r t s  : 
where  
n /2  w d Q r  e - 2 ~ ~  J 1 ( ~  . s in  B )  u , (y ) -=  -  2rr b c o ~ ( p . ~  s i n Q )  d p  , s in  0 
2 
c o s ( p . ~  s i n  8 )  s e c  8 u2(y) = - --;;-- s i n  Q 2 dp  




'l = F ,  d = $ ,  h x = g .  
u 
The in tegra l  in Eq. ( 8 2 ~ ) ,  which r e p r e s e n t s  the effect  due to the m e a n  
f r e c  su r face ,  can  be evaluated cxectly.  The r e s u l t  is a s  follows, 
(cf .  App. IV,  I)  : 
The value of u ( y )  is a lways  negative and becomes  infinite a s  h 0. 1 I t  can 
bc shown that the above s e r i e s  converges  uniformly with r e s p e c t  to q when 
0 q < 1 We may a l so  find that  u ( Y )  i s  a slowly varying function of y ; 1 
in pa r t i cu l a r ,  the value of u l (0 )  is 
wherc  E(k) i s  a dz r ived  complete  el l ipt ic in tegra l  defined by Eq. (74a). 
I t  can be shown that  u ( Y )  is a l so  a slowly varying function of y, i .e .  2 
the values  of u 2 ( ~ )  a t  points c l o s i  to the hydrofoil  d i f fer  v e r y  sl ightly f r o m  
i t s  value a t  plane of s y m m e t r y  given by (cf .  App. IV, J)  : 
f o r  IT l a rge  ; ( 8 5 4  
and 
It  i s  of in te res t  to s ee  that u 1 (0)  and u 2 (0)  a r e  of the same o r d e r  of 
magnitude. Therefore  the total u-component velocity a t  y = 0 i s  
and 
t Y 0 
-- ( 1 + 0 ) f o r  u l a rge  ; (86a) 
I I 
for  cr smal l .  (86b) 
The downwash a t  the hydrofoil can be calculated in  a s imi la r  way: 
where 
and 
2 J (X b sec2Q sinQ) 
IP (O.y,-h) = -2hdsec B 1 2 5 - cos{hy sec 8 sin0)sec 8 d 0 4, s e c 2 ~  s inQ 
Now the integral in Eq. (87c) can be evaluated while that in Eq. (87d) again 
has to be approximated. 




It can be seen that F1(A,q) is a slowly varying function of q f o r  fixed A. 
In particular, we have 
For small values of IJ, application of the method of steepest descent t o  the 
integral in Eq. (87d) yields 
which d imin i shes  exponentially with i nc r ea s ing  h and is independent of y f o r  
points c lose  to the hydrofoil.  F o r  ve ry  l a rge  u, the i n t eg ra l  in  Eq. (87d) a l so  
r e p r e s e n t s  ?. slowly varying function of y and consequently only the value of 
(P4 z (0, 0, -h)  is  of i n t e r e s t .  I t  can  be shown that  (cf. App. IV, K): 
F ina l ly  we have the v2lu2 of w(O), by subst i tu t ing Eqs .  (87a) ,  (88)-(91) into 
, Eq. (87a), as  follows 
f o r  u l a r g e ;  (923)  
- 2 / u ) ]  , f o r  tr s m a l l ,  (92b)  
which tends to ae rodynamic  value 
I t  m a y  be r e m a r k e d  he r e  that  both u(y) and w(y) a r c  a l m o s t  constant  
spanwise  a t  points c lose  to thz hydrofoil.  Th i s  fac t  jus t i f ies  s o m e  of the 
bas ic  assumpt ions  in t roduced previously  in the sec t ions ,  ' IGeneral  Fo rmu la t i on  
of the P rob l em"  and l lGcomzt ry  of the Hydrofoil ;  Effective Angle of Attack1'. 
Th i s  r e s u l t  a l so  suppo r t s  the ~ . s sump t ion  thet  the s a m e  c i rcu la t ion  d i s t r ibu t ion  
wil l  hold for  a wide r a g e  of depths.  
d. Geomet ry  of thc Hydrofoil  
W e  a r e  i n t e r e s t ed  p r i m a r i l y  in  the c a s e  of shal low i m m e r s i o n ,  because  
the geome t ry  of the hydrofoil  a t  deep  i m m e r s i o n  will be the s a m e  a s  the 
corresponding ae rodynamic  ~ r o b l e m .  Substituting Eqs .  (86) and (92)  into 
(4 l a )  and neglecting second o r d e r  s m a l l  quanti t ies,  we obtain the value of 
ITo ( ~ f ' ( 0 )  ) as a function of h and s a s  fol lows: 
where  
f l ( L  ") = 1 1 ) +  l t4X2 B (  -- 
\ j i+?~'  
and 
1 k s  h tends to co, f tends to z e r o  and f tends to - ; hence the value of 1 2 2 
Po a t  infinite depth becomes  
which is the well-known aerodynamic  value of P in  t e r m s  of given quanti t ies.  
I t  is of i n t e r e s t  to note that  T' changes  with r e s p e c t  to Pm(0) ,  a s  X and 
0 
cr va ry ,  according to the following re la t ion:  
which i s  a function of h, s and a for  a given hydrofoil.  Th i s  function and 
2  a i t s  squa red  value, 2;4 , a r e  plotted agains t  A in Fig.  3 f o r  two incidences  
a = 3' and 6' under the following opera t ing  condition: 
a 
u L  - 15.5  c = 8 f t ,  b = 23 f t ,  a 2 ,  U = 100 f t / sec ,  u = - - 
o e g h  h 
- 38 - 
s o  that 
The values of and f d e c r e a s e  with dec r ea s ing  A, and tend to unity 
asymptot ica l ly  a s  1400. F o r  s m a l l  values  of X (h  C I ) ,  both F0 and Po 2 
deviate appreciably  f r o m  thei r  r e spec t i ve  values  a t  infinite depth. 
I t  m a y  be pointed out h e r e  that because  both u(y) and w(y) a r e  a lmos t  
constant  along the spa11 of the hydrofoil ,  i t  fol lows f r o m  Eq. (41)  that  f o r  an  
e l l ip t ica l  d is t r ibut ion of r ( y ) ,  the plan f o r m  is a l so  nea r l y  e l l ip t ica l ,  
together with a negligible geomet r ic  twist.  
Another consequence of the above r e s u l t s  is that  the condition of Zq. (55) 
f o r  m in imum d r a g  with p r e s c r i b e d  l i f t  is a l s o  approx imate ly  sa t i s f i ed  by a l m o s t  
constant  ( spanwise )  u ( ~ )  and w(y). Hence the hydrofoil  of e l l ip t ica l  plan f o r m  
s t i l l  gives approximately  the min imum d r a g  fo r  a given lift. 
e .  O v e r - a l l  Hydrodync.mic P r o p e r t i e s ;  L i f t  and D r a g  Coefficient  
In  this sect ion we sha l l  again only cons ider  the c a s e  of shallow sub.mer  - 
gence.  Combining ou r  previous  r e s u l t s  we obta in  the total  l i f t  and d r a g  of 
the hydrofoi l  a t  s m a l l  depths  a s  follows: 
where  - - 
and f and '$-(A, u, a a )  a re  given by Eqs .  (94) and (95) respec t ive ly .  
00 
where  
At this s tage  we should be able to s e e  the p rope r t i e s  of the total d r a g  
exe r t ed  on the hydrofoil.  As mentioned before ,  when X j c o  D tends to 
the ac rodynamic value 2 Dm = = p r o  /8 , hence we wr i t e  m 
This  r a t i o  i s  plotted in  F ig .  4 fo r  oa = 6' and under  the operat ing condition 
given by Eq. (96a). The f i r s t  t e r m  on the r ight  hand s ide  r e p r e s e n t s  the 
contribution f r o m  the to tz l  induccd d r a g ;  this  quantity tends to Dm a symp-  
tot ical ly f o r  l a r g e  h and d e c r e a s e s  rapidly  a s  the hydrofoil  approaches  the 
su r f ace  (h  < 2b). The second t e r m  r e p r e s e n t s  approximately  the wave d r a g  
which is negligibly s m a l l  fo r  h > 2b and becomes  impor tan t  only a t  s m a l l  
depths. As a whole, the to ta l  d r a g  D devia tes  only sl ightly f r o m  D f o r  
b 1 00 
h 'z , 2nd d e c r e a s e s  mode ra t e ly  a t  s m a l l  depths ( h  C~ b) which is actually 
the range of in te res t .  When the hydrofoil  approaches  the planning condit ion,  
the total  d r a g  is sole ly  due to the wave effect.  
In  o r d e r  to m e a s J r e  the total  d rag ,  including the wave d r a g , .  e x e r t e d  on 
a hydrofoil,  the expe r imen t  m u s t  be c a r r i e d  out  in a towing tank. Then  i t  
would bz convenient to define the o v e r - a l l  lift  and d r a g  coefficient  with r e -  
spec t  to the towing speed,  such  a s ,  
whe re  p i s  the densi ty  of the liquid, U the towing speed,  and S the a r e a  
of the plan fo rm .  The lbove definition fo r  C end CD were  used in  p r e  - L 
vious expe r imen t s  (known to the author) .  In o r d e r  to compa re  with these  
available exper imenta l  r e su l t s ,  we sha l l  a l so  adopt the abovz definition of 
GL and CD. Substituting Zqs .  (94), (98) and (99) into ( l o o ) ,  we obtain 
q bl- 
where  B. = --  = aspec t  ra t io  and f S 3, f4, f5 a r e  given in  Eqs.  (98) and (99). 
The lift d r a g  ra t io  i s  
.- 7 
u2 Tllcse r e su l t s  should be good fo r  X ; 2 (h < 2b) provided that  o = - is la rge ,  
g h  
say, g r e a t e r  than 2.0. F r o m  the exp re s s ions  of L and D fo r  h l a rge ,  we 
note that a s  h+m, both C and CD tend asymptot ical ly  to their  aerodynamic L 
values,  namely,  
so that 
which c g r e e s  with a e r o d y n a ~ x i c  wing theory. However, i t  can  a l so  be s e e n .  
f r o m  Lqs.  (101) and (102) t h r t  even fo r  X smal l ,  cD/cL2 i s  s t i l l  propor  - 
tional to 1/ &? i f  the s m a l l  quantity of tile second o r d e r  i s  neglected. F r o m  
this r c su l t  i t  follows that i n  c r d z r  to improve thz hydrodynamic proper t ies  the 
pre fe rence  should be for  n high aspec t  rntio hydrofoil, even for  operat ions  
n e a r  the water  surface.  
To i l lus t ra te  the deta i ls  of the behavior,  and to compare  our  r e s u l t s  
with exper iments ,  we shal l  take specific values of c b, A?. and ae to 
0 ' 
ds te rmine  all the coefficients. This will be shown as follows. 
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DISCUSSIGN O F  RESULTS 
Consider  a hydrofoi l  of e l l ip t ica l  plan f o r m  with o the r  speci f ica t ions  
and an opera t ing  condition given by Zq. (96a) s o  that  4 = 6.  3 .  These  data  
s e r v e  to de t e rmine  the coefficients  in Eqs .  (101) - (103) which then become 
and 
These  equations a r e  plotted aga ins t  h fo r  ocI = 6' in F ig .  5 and a l s o  
plotted aga ins t  a for  s e v e r a l  s m a l l  values  of A in F ig .  6. F r o m  these 
d 
c u r v e s  s e v e r a l  in te res t ing  c ~ n c l u s i o n s  may  be drawn.  
k.t depths g r e a t e r  than 2 chords ,  the influence of the sur face  of the 
water  i s  negligibly s m a l l  and the hydrofoil  wil l  have c h a r a c t e r i s t i c s  s i m i l a r  
to those of an a i r fo i l  o l  the same section.  In the range of depths l e s s  than 
2 chords ,  Z, d e c r e a s e s  gradual ly  because  the d e c r e a s e  of liqilid flow 
(with r e s p s c t  to U)  aoove the foil  d imin i shes  the induced downwash. At  ve ry  
s m a l l  depths (h  < co/2),  the wave d r a g  only i s  impor tan t ;  our  r e s u l t s  show 
that when the hydrofoil is n e a r  the sur face ,  the r a t e  of energy  shed to f o r m  
the wave sy s t em I S  s l ightly l c s s  than the induced d r a g  a t  l a rge  depths.  In 
th,: same ranga of operat ion (h  < 2 c ), CL d e c r e a s e s  compara t ive ly  
1 0 
rapidly to a lmos t  - =I as the hydrofoi l  approaches  the sur face .  This  r e -  2 La 
duction in lift  r e s u l t s  f r o m  the d e c r e a s e  of m a s s  of wa te r  flowing ove r  the 
uppzr su r face  of thc hydrofoil ,  causing a rzduct ion of the absolute value of 
the negative p r z s s u r z  on th; suction side.  The cor responding  l i f t -d rag  
r a t i o  d c c r z a s e s  ve ry  slo-.vly with d ~ c r l a s e  in  depths  fo r  h > c  / 2  , and i s  
1 0 
a lmos t  constant  about th? point h .- - c . This  r a t i o  d e c r e a s e s  rapidly  with 
. 2 0  
1 f u r t hz r  dec r za sd  in ddpth fo r  h : - c 2 0' Th is  r e s u l t  a l so  indicates  that i f  thz 1 
water  su r face  is not too choppy, then thc depths between - c and 1 co 2 0 
would bs  a favorable  range  f o r  operat ion.  Th is  op t imum range of depths  
a l s o  a s s o c i a t e s  with a stabil izing e f f ec t  because  th i s  range  c o r r ~ s p o n d s  to 
the middle p a r t  of inc reas ing  slope d cLa/d A ; consequently,  any fu r t he r  
dzc rea se  in depths  will r e s u l t  in a r ap id  d z c r e a s e  of l i f t  so  the hydrofoil  wil l  
s ink,  and if i t  s inks ,  an  i nc r ea se  i n  l i f t  wil l  r a i s e  i t  up again,  The above r e  - 
su l t s  a s  shown in Fig .  5 a g r c e  wel l  with some  of p rev ious  expe r imen t s  (cf .  
3 2 f .  17, 18, 4).  
If we add a n  a l m o s t  constant  f r i c t iona l  d r a g  (about CDf = 0. 02) to the 
d r a g  cocfficient ,  then the r e s u l t  shown in  F ig .  6 i s  in good a g r e e m e n t  with the 
obs-rvat ions  m a d e i n R i f .  21 and 18. T h e r e d ~ c t i o n i n C ~  and C w i t h d e -  D 
c r e a s e  in depths becomes  m o r e  apprec iab le  a t  l a r g e r  ang lzs  of at tack.  
It is  a l so  of i n t e r e s t  to cons idzr  the s i tuat ion of p r ac t i c a l  operat ion.  
When a hydrofoil  moves  through wate r  of infini te su r facz  extent  a t  shallow sub-  
rndrgence,  an o b s e r v e r  who moves  with the hydrofoil  c a n  m e a s u r e  the value o f  
the approaching flow vzlocity U t u(0) m o r e  ea s i l y  ( fo r  ins tance ,  with a pi tot  
tubc)  than the value of U a t  u p s t r e a m  infinity. Then i f  one dcfines the o v e r -  
a l l  l i f t  and d r a g  coefficiznt based  on  the value of U t u(i)), that is 
I 
ons  will find that both I and CD a r e  a l m o s t  constant  f o r  A > 0. 1 (cf. 
"L 
Fig .  7)  although I CL1/cD i s  ident ica l  to C /CD. L However,  the total  l i f t  
L and the to ta l  d r a g  D calcula ted f r o m  Eq. (107) would s t i l l  have the s a m e  
dependence on A a s  C and CD, only with a d i f ferent  propor t ional i ty  L 
constant. 
The  above r e s u l t s  a r e  de r ived  under the assumpt ion  of l a rge  F r o u d e  
number s ,  the e f f ec t  of speed  U on CL and CD is dropped out  f r o m  ou r  
f inal  fo rmulas .  Th is  effect  becomes  significant  f o r  mot ions  with s m a l l  
F roude  number  ( say ,  l e s s  than 1). F o r  ins tance ,  l c t  u s  cons ider  the s a m e  
hydrofoil  a s  that  in  the previous  c a s e ,  but moving a t  a low speed,  




which m a y  be cons idered  a s  s m a l l  f o r  A > . Using the values  of u(0) and 
" 
w(0) f o r  u s m a l l  (cf .  Eqs .  86, 92  and 41a),  we obtain the value of 
$A, s, a ) in  this  r ange  of operat ion to be 
a 
where  
The  value of r, given by Eq. (110) js plotted in F ig .  8 fo r  a a  = 6'. using 
the specif icat ion given by Eq. (109). The resul t  shows that  '.r a l so  decreases 
with dec r ea s ing  A f o r  cr sma l l ,  but the r a t e  of d e c r e a s e  is s lower  than 
that in  l a rge  cr ca se .  
Since the F roude  number  effect  only e n t e r s  i n  the exp re s s ion  of D 4 
and LZ, i t  suffices to d i s c l ~ s s  only the bzhavior of these  two quznti t ies.  
With r e s p e c t  to a convenient r e f e r ence ,  say,  wc have the values of 
D4 and bL2 for  u s m a l l  a s  follows: 
2 Noting that f3 i s  propor t ional  to U , i t  can  be s e e n  f r o m  above re la t ions  
that  fo r  s m a l l  F roude  n u m b e r s  (.v low speeds )  an i nc r ea se  i n  speed  wil l  
cause  both C and CD to dec r ea se .  with the d r a g  dec r ea s ing  m o r e  L 
rEpidly. Th is  ef fect  has  a lso  bcen found exper imenta l ly  a t  s m a l l  values of U 
(cf. Refs.  17, 21). Eqs .  (111) and (112) a r e  plotted i n  F ig .  9 with the speci f i -  
. 156 
cation given by (109). In the p r e sen t  range  of opera t ion  (cr = - 1 h x>T) 
ths wave d r a g  is negligibly s m a l l  compa red  with D but A.L2 i n c r e a s e s  
0 0 ,  
ve ry  rapidly ,  r e la t ive  to D with d e c r e 3 s e  in depth. The total  change i n  
all 
hL2 in  this  range is, however,  s t i l l  quite s m a l l  with r e s p e c t  to Lo. 
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Fig .  3 - Effect  of depth on c i rculat ion s t rength.  
C,= 8 FT, b = 2 0  FT, U = 1 0 0  FT/SEC, aa= 6: u = IS  5 / ~  
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Fig .  6 - Hydrodynamic c h a r a c t e r i s t i c s  of the hydrofoil  
a t  shallow submergence  . 
Fig.  7 - Effect of depth on CL1, CD' ,  
(based on approaching flow velocity). 
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I , a ! 1 D4/D, 
S o m e  I n t e g r a l  R e p r e  s e n t a t i o n s  o f  a  L i f t i n g  L i n e  
I t  i s  given that a  l i f t ing l ine of span  2 b i s  located along y-ax i s  f r o m  
- b  to b with a  known dis t r ibut ion of c i rcu la t ion  ( s e e  F ig .  9), the f r e e  
s t r e a m  being uniform, of velocity U i nx -d i r ec t i on .  The  p r o b l e m i s  to f ind 
the induced velocity potent,ial cp (x, y, z) due to this  lifting line. 
f;"C . - -- -- - . . - - - - - - - .. 
vor tex  shee t  1.. .! -. ..---A -. - . - -- 
Fig .  9 - A l i f l i rg  line with i t s  t ra i l ing vor tex  shee t .  
F i r s t  this  potential  4.i should sa t i s fy  the Lap lace  equation 
Next wc: shal l  impose boclndary conditions fo r  th is  problem.  . According to 
the lifting line theory,  the approximat ion may  be made that  the t ra i l ing 
vor tex shee t  i s  pa ra l l e l  to the f r e e  s t r e a m ;  that i s ,  on the su r f ace  z = 0, 
with x > 0, Jyl 5 b. I t  i s  e a s y  to s e e  that boundary conditions fo r  cp should 
be a s  follows ( s ee ,  fo r  example,  R e f .  22) : 
( i )  (p = 0 on z = 0,  outside the vor tex shee t ;  
(ii) A c r o s s  the vor tex shee t ,  cp has  a jump r ( y )  
( x , y ,  O t )  = + on the vor tex  shee t ;  
- - 2  (1 .2 )  
a(o ( i i i )  2 , - a r e  continuous and discontinuous a c r o s s  the vor tex  shee t ,  ax a y  
but 
l%lz=o+= l%lz=o- , so that  the p r e s s u r e  i s  con t inuous  the re .  
( iv)  cp and g r a d  (p -+ O a s  \v-+ - t co and/or x-+ -a, . 
Conditions ( i )  - ( iv)  a l so  imply that  
I-' ( v )  
(v i i )  cp(x, y,  t o )  = t - - 
- 
(1  + s i g n  x )  . 
- 4 
One way to solve (I. 1 )  together with the boundary condit ions (I. 2) is by 
a F o u r i e r  t r ans format ion .  T.e:;-:e the double F o u r i e r  t r ans format ion  of 
cp ( x , y ,  z)  with r e s p e c t  to x and y by 
s o  that the invers ion  fo rmu la  i s  given by 
Applying (I. 3 )  to (I .  1)) we have 
The solution which s a t i s f i e s  ( iv)  and (v) ha s  the following f o r m  
so  that 
r v  
cp ( X ,  ts O+) = A(X, P)  . 
Application of the s a m e  t rans format ion  (I. 3 )  to (v i i )  gives:  
CO 
N (11) e-'PT d -iXx s ign x  dx + Jme-ikx . 
-00 
Using the conventional method of summabi l i ty ,  we have 
-iXx 2 
sign x  dx = - l im  2 e s i n A x d x =  - 
1 t -+O+ i X 
and 
rco 
Hence we a l so  have 
Compar i son  of ( I .  7) with (I. 6 )  gives 
Substituting (I. 8)  into (I. 5)  and then applying the invers ion  fo rmula  (I. 4), we 
obtain the solution 
This  form of in tegra l  r e p r e  senta t ion fo r  cP is the one given by von K a r m a n  
(Ref. 22). A t rans la t ion of the o r ig in  in the z -d i rec t ion  then gives Eq. (10)  
of the text. Another convenient f o r m  of q m a y  be obtained by introducing 
the following t rans format ion  of va r iab les :  
If one u s e s  the re la t ions :  
/ 2 
o c o s ( k x  cos  8) c o s ( k y  s i n @ )  d Q  , 
J o  
and 






The choice of (I. 9 )  o r  (I. 14) i s  only a m a t t e r  of convenience,  A c l o s e ' f o r m  of 




I t  m a y  be r e m a r k e d  that these  r e s u l t s  m a y  a l s o  be obtained f r o m  the 
d i f fe ren t ia l  point of view by consider ing the velocity f ie ld  induced by an 
e lement  of c i rcula t ion r ( y ) d y  a t  y and b y  in tegrat ing i t  along the l if t ing 
line. 
If I g r a d  cp ( << U and the effect  of g rav i ty  m a y  be neglected,  then the 
l inear ized  p r e s s u r e  is  given by 
where  f r o m  (I, 16) 




F o r m u l a t i o n  o f  t h e  N o n s t a t i o n a r y  F l o w  F r o b l e m  a n d  t h e  
S t a t i o n a r y  F l o w  a s  a L i m i t i n g  C a s e  
Take axes  Ox and Oy i n  the undis turbed s u r f a c e  of deep wate r ,  and Oz 
ver t i ca l ly  upward,  the o r ig in  being a t  r e s t  with r e s p e c t  to the f luid a t  infinity. 
Cons ider  now the flow caused  by a wing which s t a r t s  to move a t  t  = 0 f r o m  the  
posit ion (0, 0, -h)  i n  the negative x -d i rec t ion  with velocity U. The effect  of 
an e lement  of wing span  A r] a t  y =q of c i rcu la t ion  r ( r ] )Ar]  is to produce a n  
in i t ia l  impulse  s y m m e t r i c a l  about (0, 7 1 ,  0) on  the ini t ial ly s t i l l  su r face .  These 
conditions co r r e spond  to in i t ia l  data  f o r  cp(x, y, z ,  t )  and < ( x ,  y, t )  a s  follows: 
where  AF (a) should be equal  to the in i t ia l  p r e s s u r e  pe r tu rba t ion  on the f r e e  
su r face .  Using (I, 1 7 )  and (I. 18) and cons ider ing  the e f fec t s  due to both the 
wing and i t s  image ,  we obtain 
The solution fo r  (p which sa t i s f i es  the Lap lace  equation with in i t ia l  condi-  
tions (11. 1 )  is  (Ref.  5,  p. 432):  
and 
s i n  (3 t )  Jo(kcs) k d k Jo A F ( ~ )  J~ (k  a )  a d a . 0 
- 5 5 -  
However,  
= - I T )  A IS (k h) (Ref. 26, p. 30)  2 TF 
-7 
s o  that 
The resu l t ing  values  of P( and due to the en t i r e  wing m a y  then be 
obtained by in tegrat ing A $  and A'G along the span:  
I t  should be pointed out  he r e  that these  a r e  only the r e s u l t s  due to a n  impul-  
s ive  motion of a hydrofoil.  To extend them to the c a s e  of a continuously 
moving wing in  ( -x ) -d i rec t ion  with velocity U ,  we have to supe r impose  a l l  
ins tantaneous  d i s tu rbances  a t  x = - U'C at t ime t =  2. We rep l ace  t  by 
t  - %  and x by x - 5 = x t  UT and in tegrate  with r e s p e c t  to rc o v e r  the t ime 
dur ing which the s y s t e m  has  bee11 in motion. 
- ~ ~ * l ( ) d O t ~ ( ) d e k h  2 ~ g  15 sin  w ( t - ~ ) l  o ( i \ l ( x + ~ r f + ~ ~ - ~ ~ ) k d ~  
-00 
(11. 5)  
These  a r e  the i n t eg ra l  r e p r e  senta t ions  of the solution of nonsta t ionary motion 
of a hydrofoil.  Th i s  fl is only the part of the per tu rba t ion  potential  due to 
ef fects  of f r e e  su r face  and wave fo rmat ions ,  not including the contribution of 
the wing and i t s  image.  
Now we sha l l  pa s s  on  to the l imi t ing c a s e  such  that  the wing ha s  been i n  
mot ion s ince  Ir; = - co with constant  velocity U. A difficulty a r i s e s ,  hcwever ,  
because  the i n t eg ra l  with r e s p e c t  to T f r o m  co to t  i s  nonconvergent. Since 
the expe r imen t a l  evidence e n s u r e s  that  C should be f ini te,  we m u s t  s eek  a 
r e m e d y  in o r d e r  to a g r e e  with observat ion.  Mathemat ical ly  i t  is usual  in 
these  p rob lems  to in t roduce a convergence fac to r  e - )  and then l e t  p. 
tend to z e r o  a f t e rwa rds .  
< = -- 2~rg p-10 1im~"(~)d~~~-p(t-T)df03eehk @ s i n  w ( t  T )  Jo (k  [mf) kd 
-00 
(11. 7) 
Physical ly  i t  is usually explained that  the i nde t e rmina t enes s  of the p rob l em i s  
due to the absence of v iscous  effect.  T o  avoid this  difficulty, Rayleigh sug-  
ges ted  the assumpt ion  that  the f luid e l emen t  is a l s o  subject  to a f r i c t iona l  
r e s i s t i n g  fo r ce  propor t ional  to the re la t ive  velocity. Then,  ins tead of Eq, (4 )  
we have (Ref. 5, p. 399) 
$+-& + g ~ - ~ f l = ~  (XI. 8 )  
F r o m  this i t  can  be shown that the c i rcu la t ion ,  hence a l so  $, has  a f a c t o r  
e'p t, which shows the damping due to v iscous  effect.  
I t  i s  na tu r a l  to expect  that exp re s s ions  (11. 6) and (11. 7) will b ecome  in -  
k p e n d e n t  of t  with r e s p e c t  to a coordinate  s y s t e m  moving with the hydrofoil .  
Hence we introduce the following Gali lean t r a n s f o r m  ation: 
- - - z =  x - t  U t ,  Y ' Y t  z = z ,  t = t  
and change the var iable  of in tegra t ion f r o m  T to T = t  - 7  s o  that 
and then dropping the b a r ,  we obtain: 
(J - 03 J 0 J o  (XI. 1 0 )  
which c l ea r l y  show the independence of t. By in terchanging the o r d e r  of 
in tegra t ion,  and using the re la t ion:  
J o  
we have , 
-. 
e-" s in  ( \D-T) J o (k 6 - u ~ f t  (y-Tf ) k d k  
ikx cos0  
C O S ( ~ ( Y - ~ )  ikU cosQ)Tsin( dz T )  d T 
2 
= - l im  - s e c  Q co s(k(y--: ) s in  8)  2 d 0 I"" 0 lTu 
0 
k - (!-(set Qt 2ik s e c Q )  u 
2 
where  < = g / ~ 2  and in the l a s t  s t ep  t e r m s  of o ( ~  ) have been neglected.  
Eq. (11. 11)  then becomes  
If we l e t  j i +  0 before we evaluate  these  i n t eg ra l s ,  we then obtain the s a m e  e s -  
p r e s s ion  fo r  a s  given by Eq. (10)  which is de r i ved  by neglecting the viscosi ty  
f r o m  the beginning. Cn tllc o ther  hand, i t  is in te res t ing  to see  what the value 
of will be as  x 4  + co i f  we l e t  p-+0 a f t e r  the evaluat ion of the i n t eg ra l  
- 
with r e s p e c t  to k . F i r s t  we r ewr i t e  (11. 14) a s  the r e a l  p a r t  of the fallowing 
in tegral :  
3 m ll/2 
R t  
- 2n 2 u ~L--;o ii  Jwmr(.i dqll l , ,sec2Q dime-h' re i (x c o s ~ + ( y -  2 q)sinQ)k 
k -  (i< s e c  8 + 2i k U sec0)- 
Th i s  express ion  of indicates  v e r y  c l ea r l y  that  the su r f ace  e levat ion cons i s t s  
of plane wave e l emen t s ,  e ach  component moving in  a l ine making a n  angle 8 
with 0 x . Now we ro ta te  the axes  0 x, 0 y to 0 X I ,  0 y' given by 
x '  = x cos  8 + (y-T)  s i n 8  , y '  = - x s i n  8 t (Y-T) cos  8 (11. 16) 
a s  shown in  the following f igure .  
In o r d e r  to study the behavior of a s  xl-+ + cu, the i n t eg ra l  with r e s p e c t  to 
- 
k may  be t r an s fo rmed  by contour in tegrat ion cons ider ing  k to be complex.  
F o r  x '  < 0, we can deform the contour to the negative imag ina ry  ax i s  of  k ; 
and fo r  X I >  0, to the positive imaginary  ax i s .  Note that  the in tegrand has  
2 21 
a s imple  pole a t  k = fi s e c  8 + i r  s e c  8 which i s  located inside the contour U 
f o r  X I >  0 when p # 0. The res idbe  of the in tegrand a t  th is  pole i s  equal  to 
and should only concern  the i n t eg ra l  
x1 2 0. By making p z e r o  a f t e r  the de format ion  ha s  been c a r r i e d  out, we 
then obtain di f ferent  r e ~ r t 2 s e n t a t i o n s  fo r  x f  < 0 and X I >  0 cor responding  to 
d i f ferent  bc havl2r.s LI.T-F tr :r- -1113 >jownstream of e ach  wave e lement :  
- 
3 roo 
2 - h i t s e ~ - b  . , i -xfa  !< SZ: 2 Q cos  o .h t  a  s i n  a h  
= -2,rrKsec O e LI::\\X; s z Z 0 ) t i  e  ---- ...----- 2 . 4  ada, x t >  0; 
J o  a t ~ L - S ~ C  0
2 ,  
- 
x t a  ,< s; - L-: -CIS r.!? t c s in  ah  
--.- - -..- , --.- .- - ada, x l < Q .  (11. 17) 
r,' + K . ~ S ~ C ~ Q  
The f i r s t  t e r m  Iri (I:. : 7 )  i e p ~ e s z n t s  s imple  waves on the downs t ream s ide  of 
TT TT the wave frci:t x' = wco;.O t (y-q) s i n 0  = 0 ( -  7 < O C Z )  while the o ther  
4. 
t e r m s  repre ren l ;  3.;st.;:banczs s y m m e t r i c a l  with r e s p c c t  to x1 = 0 and 
diminishing exyco~:enti~liy with i ~ c r e  as ing  d i s  t a n t e  from x1 = 0. I t  should 
a l so  be pointerl c : ~ t  he r e  that  tne in tegrat ion with r e s p e c t  to q ( o r  8)  should 
be divided inlo Lwo r e g i o r ~ s  in which the values  of q co r r e spond  to x t >  0 
and x f  < 0 respzc t ive ly  fo r  an  ass igned  point (x, y). T h e  f inal  exp re s s ion  
of 1: is then 
rw 2 
-xfa  k s e c  G c o s a h t a s i n a h  -- 
2 2 4  ad  a] 
a + 6 s e c  8  
L 
x f  a c,sec O cg.  a!i + c s in  ah  
I- .- -- I--..-- 
L 2: ada y t x  co t~ il i x sec4a  
P C 3  
- I -xln < s c c 2 ?  c c s  nh t a s i n a h  $ 1  e --- .-- .----- 2 - 4  ada] J o  a t d' s e c  Q 
3 r* ;'a ,<sr 6 . 0  r o s  ch t o  s in  a h  
- - - - - -  -- 
L L 4 (11. 18) 
a t f !  s e c  8 
where  
.= x cos 8 - (y -q)  s i n @  , 
In this  way we m a y  study the behavior  of a s  X-B + co, The  second and  four th  
in tegra l s  with r e s p e c t  to 77 a r e  negligibly s m a l l  f o r  l a r g e  posit ive x arid 
finite f i s ed  y as can  be s een  f ron i  the f a c t  that both upper  and lower  l im i t s  of 
in tegra t ion tend to t o o  and -co respect ively .  The  s a m e  is t rue  fo r  t e r m s  
- 
- X I  a 
with e and e-X1a which m a y  a l s o  be neglected.  Hence the only s ignif icant  
t e r m  in  Eq. (11. 18) f o r  l a rge  posit ive x is 
3 
l i m  t: Y - -  2 
X-stoo n u  
I 
- 2 h d ' s e c ' * 8 s e ~ ~  d Q s in(6  x cos  8)  ~ o s ( r ( ( ~ - ~ ) s e c  Q s inQ)  drl 
which i s  the s ame  a s  Eq. (20). The  l imi t ing value of the second  i n t eg ra l  goes 
1 to z e r o  a s  O (  -) which can  be shown by applying the rnethod of s t a t ionary  phase.  
$;; 
-- 
1 1 & = - -  1% nri)dtl+~(--), a s x + + o o ,  
u2  
-00 ' and y f ixed,  finite 
F o r  x negative and l a rge  with y again  f ini te and fixed, the f i r s t  and 
th i rd  i n t eg ra l s  a r e  negligibly smal l .  The s u m  of the o the r  two i n t eg ra l s  can 
be shown by using Watson's  l e m m a  to be much  l e s s  than the absolute value of 
< given by Eq. (11. 21). 
I t  is of i n t e r e s t  to note that  by consider ing a convergence fac to r  p 
(usual ly  ca l led  Rayle ighfs  v iscous  t e r m )  in  the in te rmedia te  s t age s ,  the f inal  
r e s u l t  of su r f ace  e levat ion becomes  a s y m m e t r i c a l  with r e s p e c t  to x : 
1 I. damps  out  like 0 k3) on the u p s t r e a m  s ide  and ha s  a wave fo rmat ion  down- 
1 
s t r e a m  of the h y d r o f z l  and finally d imin i shes  like 0 (--) fo r  x l a rge .  
Jx 
FENDIX I11 
C a l c u l a t i o n  o f  W a v e  R e  s i s t a n c e  b y  
M e t h o d  o f  T r a v e l i n g  P r e s s u r e  
According to the method of t ravel ing su r f ace  p r e s s u r e  (c f .  Roy. Soc. 
P r o c .  A, Vol. 93, p. 244 (1917) ), the wave r e s i s t ance  is s imply  the total  
r e so lved  sur face  p r e s s u r e  in the x-di rect ion.  Because  t: is everywhere  
smal l ,  this  l e ads  to 
taken ove r  the whole su r face .  F(m) is given by (11. 2)  to be 
2 2 2 3/2 Since / x t (y -h )  + h ] is even  i n  x and (y-q) ,  i t  follows that  only the 
p a r t  of even  in both x and (y -q)  contr ibutes  to R. Using the f o r m  3z 
of < given by Eq. (18), which i s  the only p a r t  even i n  x and (y-q),  we have 
Hence 
rYy[OOcix eos(i;x secQ) c o s ( ~ \  (y-r ) f )sec  2Q s in  8) J 2 3 /2  
-00 d o  ( X ' + ( Y - T ) ~ + ~  J 
Now the in tegra l s  with r e s p e c t  to x and y can  be c a r r i e d  out  by introducing 
the t rans format ion :  
and us ing the notation 
a = ;( s e c Q  2 b = )<. s e c  8 s i n 8  
We then have 
1' L 
Jo(jir s e c  0) d r 
0 
(cf .  Eq. (11. 12)) 
(cf ,  R e f .  26, p. 30) 
- TT -hd.secLO 2 
- l i e  cos(r;,(r)'-q) s e c  Q s i n  8) 
The re fo r e  we obtain 
,-,I / 2 2 2 
sec5Q e-2hd,Sec Qcus(r;(rl-tl ')sec O s i n  Q )  d Q 
TT 
'-' 
-00 -00 0 
where f and g a r e  defined by Eq. (27). T h i s  r e s u l t  a g r e e s  with Eq. (29). 
APPENDIX IV 
- 
E v a l u a t i o n  o f  S o m e  I n t e g r a l s  
(A) Der ivat ion of the Integral  i n  Eq. (46) 
Substituting Eq, (45) i n  (43), in tegra t ing by p a r t s  with r e s p e c t  to q 
and using the re la t ions  
y = b cos  $ q = b c o s $  , (IV. 1) 
we have 
2 00 2 
.(Y) = - --$J '(q) c o s ( ~ q s i n  d j  d e-2hpcos(p y s i n  Q )  t'vsec 2 @ ~ d l ~ .  
2a -b p -,< s e c  8 0 
00 
- 
- - -  2bU C (2114-1) A 2 sin(pb s i n  Q cos$)  cos (2n t  1 )  $d  yi 2n t  1 
a n - o  
"0 Yo 
2 
* I e-2hpcos(p y s i n  Q) + lcSe Q 
0 
2 d p  p -;?,,set Q 
I' s ign is just if ied i f  the The interchanging of thc o r d e r  of )I and 
.! 
resu l t ing  s e r i e s  converges .  Noting that  
J: s in (z  cos 1) cos (2n t  1)  i d $  = ( - )nn JZnt 1 ( ~ )  (IV. 2) 
where  J 2 n t  1 Jeno tzs  B e s s c l  function of the f i r s t  kind (cf. R e f ,  24, p. 20), 
we f inally obtain 
which is Sq. (46). 
(E)  Der ivat ion of the In tegra l  i n  Eq. (47 )  
Substituting Eq. (45) into (44) and  proceeding in  a way s i m i l a r  to that in  
t h e  previous  ca se ,  we have 
ioo 





2 2 2 3 s e c  Q d Q  
- 5 sin(!< q s c c  0 s in  8)-- - 2 h A s e c  'cos(h s e c  Q sinQ)- 




-2Xt ( 1  - e  J2n+l = * L, ( t )  co s ( t  c o s  @) d t  
, d 2  2 
- 2 h i s e c  Q 3 3 2 . s e c Q  + 4b:~/ e 
i 
J ~ n t  1 (bi<sec% s i n  0) cos(b A,COS$ s e c  Q s l n Q ) r n  d Q . i 
.) 
(IV. 4)  
The f i r s t  in tegra l  on the r ight  hand side can be in tegra ted  to give (cf. Ref. 25, 
p. 37 and p. 33): 
I' cos  j ( 2 n t l ) s i n  c o s g  ( t )  cos ( t  cos  j8) d t = ' @ - l  j = ~ - ) n s i ~ ~ ; ~ + l ) ~  1 J ~ n + ~  s in 
1 .! , (IV. 5 )  
and 
( t ) c o s ( t c o s ~ ) d t = ~ e /  e -(2X-i cos  @) t  I ~ ~ n t l  Jznc1(t) d t  
c! 
0 ~ ' 0  
- -- - /' , !  - L)  
= RC 2 / ! I  t (21 - i  cos  p )  - (2h- i  cos d ) ' 1 2 n t 1  (1 + ( i h - i  cos $f) ! 
I " I /I r '  i 
Combining Eqs .  (IV. 4-G), we obtain Lq. (47).  
( s )  Evaluation of the In t eg ra l  i n  Eq. (61) 
J / 2  
- - 2 - a I ( A  - 1-1 cos 2 Q d O  ( ~ e f .  24, p. 389) 
-rr a x 
where  K and Z denote the complete  e l l ip t ic  in tegra l  of the f i r s t  and second 
kind r e  spe  c tive ly. 
(D) Der ivat ion of the Xesul t  of Eq. (64)  
Applying the t r an s fo rma t ion  s e c  0 = cosh  2 to the in tegra l  i n  Eq. ( 6 3 ) ,  2 
we have 
,./ 2 2 . J ( - s e c k ? s i n Q )  1 2  
e -(2/u)sec Q ( 1 p 5 2 s e c  0 d Q  
. s e c Q s i n Q  
0 
1 Note that  the above i n t eg ra l  s t i l l  converges  a s  - -0 , keeping (3 constant ,  
u 
One way to obtain the r e s u l t  given i n  Eq. (64) is by expanding the t e r m  
into a n  infinite s e r i e s  (cf.  Ref ,  24, p. 147) as follows: 
Introducing this  expansion to Eq. (IV, 8) and in terchanging the oi.der of 
a n 1  ): sign, we obtain J 
1 - 
r 1 e ‘T (-)'?-in+<! 1 
'i = -  2n 2 
' .-A 1 7 L ;;T(Z~T~&$T. e s inh  u ( 2  + s inh  u t  2 c o s h u ) d u  
8 5 P n=o 0 
provided that  the resu l t ing  s e r i e s  converges  absolutely.  The reg ion  of conve r -  
gence fo r  u and X will  be shown below. By using the following r e l a t i on s  
(cf. Ref, 24, p, 172) 
1 rrn - a c ~ ~ h u  2n r i n +  z) I e s inh u du = 2" 1 
1 1- -- - Kn(a) , ("7- f) 8 " > 0) 
., 
a I J .rr 
0 
where  Kn denotes modified B e s s e l  function of the second  kind, we obtain 
I t  c an  be  shown that the above s e r i e s  ha s  d i f ferent  reg ions  of convergence fo r  
l a rge  and s m a l l  values  of u due to the di f ferent  behavior  of the function 
1 
K - )  When u is sma l l ,  th is  s e r i e s  converges  absolute ly  and  uniformly f o r  
ariy c lose  in te rva l  of p ; but f o r  l a rge  values  of u ( >) l) ,  the above s e r i e s  
only converges  f o r  = X >  1. The in terchanging of the 
u 
- and  o p e r a -  
lion is just if ied only when the above condit ions a r e  fulfilled. 
(E) Der ivat ion of the Resu l t  of Eq, (68) 
We want to s u m  the s e r i e s  i n c q .  (IV.10)for l a r g e  values  of u. In 
1 th i s  c a s e  K (-) has  the following expansion:  
n Q 
I t  is e a s y  to s ee  that  the m o s t  impor tan t  contribution to the s u m  of the s e r i e s  
1 in  Eq. (IV. 10) comes  f r o m  the t e r m  
-(n! )(2uPt of the expansion of 
1 2 ( -  The deta i l  of the calculat ion can  be shown as follows: Kn+ 1 u 
Decompose;$ into th ree  p a r t s  such that  
Ir , , / ' i  where,l1, c$ lZ  a r e  given below. 
1 
- - 00 1 -. 3 :i u -, (-)n["(n+Z)l ( n + 2 )  . n 
! e J z- 
c>. 11 2 )-- n! ( n t  l)! (nt2)! 
4nP n=o 
1 
-- a3 3 - 3 
~r ( - P T ( n t Z ) ~  (n+$ n t l  
- 
- - 
4 l ~  n! ( n t l ) !  (nt2)!  
n=o,l. 
1 
- - (-)"yZ(nt$) oo 




7, ( ) - -  
n t  l)! ( n t  Z ) !  A 2 L .  n ( n t l ) !  (nt2)! &) L G  4P n=1 x 
(IV. 13) 
Now both these  two s e r i e s  converge only when X 2 1 ; but the f i r s t  s e r i e s  can 
be d i rec t ly  r e l a t ed  to a hypergeomet r ic  function which may  then be continued 
analyt ica l ly  to the region 0 < X G 1 a s  follows: 
If we use  one of Gaus s ' s  r e c u r s i o n  fo rmu la s ,  the above hypergeomet r ic  function 
can be e x p r e s s e d  i n  t e r m s  of c3n-1plete e l l ip t ic  i n t eg r a l s ,  (cf ,  Ref. 26, pp. 9, 10).  
F ina l ly  we have 
(IV. 14) 
'To ~ ' 1 r r y  out  the summat ion  of the second s e r i e s  i n  Eq. ( IV.  13), we note that  
i f  wz wri t2  
(IV, 15) 
then f l ( z )  m a y  be e x p r e s s e d  in t e r m s  of a hypergeomet r ic  function together  
with a n  a lgebra ic  function a s  follows: 
2 3 
m (-?ST ( n t z )  2 1 T-' f'(z) = - L Z - ( n + l )  - - -- r (2) ( 1 - - 1 - 1[ n t  l)! (nt2)!  6 z 
n= 1 1- (2 )  i 
(IV. 16) 
2 1 As z = A -+ 0, - -+ 1 ; the asymptot ic  value of f l (z )  a s  z--0 may  be 
J l t z  
deduced f rom the above re la t ion by using the known asymptot ic  expansions of 
K and E. 
2 i t O(z log 2) I 
~1 
Since the in tegra l  of an  asymptot ic  express ion  i s  a l so  asymptotic,  the a symp-  
totic value of f (z )  can  then be obtained by integrat ing the above equation. 
The final  resu l t  i s  
f ( m ) z + $  l o g z t O ( l ) = t f  l o g e +  u O(1) (IV. 17) 
Therefore ,  substituting Eqs.  (IV. 14, 17) into (IV. 13), we obtain: 
1 1 ' 1 o g @ t 0 $ - ,  -)). (IV. 18) $ u j  
The second pa r t  of dl , namely,  ,-..12 , is given by 
1 
e 
-F --, ( - ~ r ( n + i ) r ( n + s )  n t l  
- 
- - 4na L n!(n+l)!(n+Z)! (7) n=o 
(IV, 19) 
After  this  analytic continuation, if one u s e s  again  Gaus s ' s  r e c u r s i o n  
fo rmula ,  one f inds ,  
Combining E q s ,  (IV. 19) and (IV. 20), we have 
3/2 --- 3 1 3 2 2 1 3  
' i 1 9 ( 1  ~ ( - . . ) - ~ h - h  J l t h  z;l;----$ (1to(,)) 3 P \ n  J' I. ' -!- k 2 1 t h  
(IV. 21) 
I t  is evident  that the hypergeonie t r i c  function in the above equation ha s  singu- 
l a r i t y  a t  X = 0. To calcula te  i t s  value n e a r  1 = 0, we need  the following 
fo rmu la  
00 
"(a, b;  a t b ;  z )  = l o d l - 2 )  
n =o 
7:lhc r e  
1 (IV. 22) 
p n = $ ( a t n )  t ( b t n )  - 2 9  (1i-n) . 
1 3  1 Z / '  -2 F - ,  ; 1 ) = ( 2  - log !l+h ) - 1(1 - log 4 , z  X2 1 4 
X 4ll 3 h - +O(XlogX), 1tX \. l t h  
(IV. 23) 
and f inally we have 
\ 
--- - 
3/2 I f- 2 3n - + A' ,LZ l ag  3 r-L-<(lt~) - -  4 I l + h 2  t O(h 2 j , \ .  ( Iv .  24) 4 12 3vp ( X 
c 
The  th i rd  p a r t  of dl denoted by ~ 1 3 '  (3 is 
1 
n 
) t 5 log 2u 
n (nt 1 )! ( n t  2)! X 
The s e r i e s  i n  the above equation can be approximated in  a way s i m i l a r  to 
that  applied to Eq. (IV. 15). The f inal  r e s u l t  is 
(IV. 25) 
There fore ,  substi tut ing Eqs .  (IV. 18), (IV. 21) and (IV. 25) into Zq. (IV. 12), 
we obtain a good approximat ion of the value of a b defined by (IV. 8)  o r  
(IV. 10) f o r  IJ l a rge  as follows: 
r ~ / 2  - 2  sec2e 1 2 
:? u / J ~ ( ~ )  s e c  0 s i n  Q 
d l = /  e .. s e 2 0 d ~  
'-0 1. s e 8 @  s in  Q ) 
(F) Derivat ion of the Resu l t  of Eq. (73) 
Using the r e s u l t  given i n  E;q. (IV. 7), we m a y  wr i t e  the i n t eg ra l  i n  
Eq. (71) as follows: 
2 ;-n/2 ,IT/2 
- 
2 
c c 2 Q Q  1 - 21 cos  fl dfl 
- ---- 4 i s .  o o / 1 + t 2  sii120 
cos  8 dQ 
ITA J 
0 
Q -.+ 0 
- - 
Z 6  
- - -- c o s " ~  dQ , - s2$ s i n  co oda-_ 
2 1 t 2 ITA < l o  I s i n  Q - 
A" X -2
- 
- - --- 
s ine  
-.- 
6 2 +  sin2B 
1 d Q  (IV. 26) 
where  @k) i s  a  der ived  complete el l ipt ic in tegra l  (cf. Ref. 25, p. 73 )  
defined by 
2 
s in  j8 cos  
&(k) = (IV. 2 7 )  
LJ 
0 
>'inally, changing the var iable  of in tegrat ion f r o m  8 to !c by 
we obtain 
whe r e  
1 ; = I- - 
J 1+X2 
This  is the f o r m  used i n  Eq. (73) .  
(IV. 28) 
(IV. 28a) 
(G) Der ivat ion of the Resu l t  of Eq. (76) 
Substituting the expansion of 6 ( k )  given by Eq, (75) into Eqo (IV. 28),  
then applying the t r an s fo rma t ion  k2 = F2t and in tegrat ing t e rmwise ,  we have 
where  F ( a , b , c ; z )  denotes  the hypergeomet r ic  function which has  the 2 1 
following i n t eg ra l  r e p r e  sentation: 
2Fl(a,  b, 4 = l b l l  y l  b r C-b  - c b l  t a t  ( R C C  >Reb>o) . 
0 
Expanding these  hypergeomet r ic  functions into convergent  s e r i e s ,  we 
f inal ly  have 
(IV. 30) 
(H) Evaluation of the In tegra l  in  Eq. (79) 
U Applying the t ransfor tnat ion s e c Q  = cosh  7 to the inner  i n t eg ra l  in  
Eq. ( 7 9 ) ,  and proczeding in  a s i m i l a r  way a s  shown i n  (IV. D), we have 
2 Q s in  Q)  4 
s e c  Q dQ  
0 
u 3 
- ( - f n n + , )  - - C O S ~ U  2n u 1 cr .T-, 
2nt2 rme - - - e  2- ~ivm. ("1 2~ s inh u(1 tcosh  u)  coshq d l  "7 
Now sinh2"u can be expanded in  t e r m s  of c o s h m u  a s  follows 
2 n n-  1 
s inh 2n u = (eu-e-q: i i z n , ) + L  y' (.y ( 2 n ) c o s h ( 2 n - 2 m ) u ,  
2 2n 2Zn \ n . 223-1 L m = o  " /  
and 
u 1 3u 3 u ( l t c o s h u )  cosh 2 = - cosh - t - cosh - . 2 2 2 2 
Using the re la t ion (cf. 3ef .  24, p. 181) 
rCo - z c o s h u  i cosh v u  d u  = K (z), v ( R L ~  V:O, R ~ z , o ) ,  (1v.31) 
Jo 
we then have 
When cr i s  very  la rge ,  then (cf. Ref. 24, p. 80)  
It can  be s een  that the f i r s t  o r d e r  t e r m  of J2(u) comes  f r o m  the t e r m  with 
Ll (-), hence fo r  l a rge  u, J2(u) may be approximated a s  K 2 n t ?  u 
2 
3 
CL J~ ,5- -$I 7, ( - ~ r ( ~ + + ) m ~ + ~ )  
\> 2 ( ~ )  5 
L-d n! ( n t  1 )! ( n t  2)! ] (1  t o(+)) 
n=o 
(IV. 34) 
F o r  s m a l l  values of cr (h, XI large) ,  i t  can  be shown by the method of 
s teepes t  descent  that d2 has  the s ame  asymptot ic  value a s  $ given in  1 
Eq. (66), that is 
(IV. 35) 
Therefore ,  for  u l a rge ,  we have f r o m  Eqs.  (79) and (IV. 34) 
where Ei( t )  r ep re sen t s  the exponential in tegral  function defined by 
( t  rea l ,  cf. Ref. 23, p. 471) 
which h a s  the following expansion 
- 2 2 1 2 2  1 2 3  z.(") = y . +  l o g -  + - + - 
1 0 -  a- a 2! 2 f  ( )  + (--) + .  . . . , f o r  r l a r g e .  
Finally we have 
- 
P I - ~  ,-- I r ($1 2 1 
1% - - - -  iT;(l--- --,- 1 ~ \ [ l + ~ ( r + l o g ~ ) J  -- (i+0(* , - ) I ,  a s a - r n  
4 j u J r l  (a) Ltx2  , / (IV. 37)  
O n  the o ther  hand, for  u sma l l ,  the asympto t ic  value of aL2 is 
2 2 The asympto t ic  expansion of 2 (-) for - l a r g e  is i u u 
Hence,  
-+ 
(I) Der ivat ion of the Resu l t  of Zq. (83) 
F r o m  Eq. (82a), we have 
341 2 - 1 0  PZ .J (' s in  8)  
u l ( y )  = (-) = -  21rb J d0J e-2hp s i n  Q cos ( t~r )  s i n  8) d p a x  x=o 
0 0 
0 0 0 3  - 
- qZnl ! ( n t m t  1 ) I- ( n t rn t7 )  3 
- 
- - -  / 
2 
4 1 ~ b  L-. 2 (n t m)  
n=o m = o  n! ( n t  l)! 2 r n ! r ( m t Z )  1 4h 2 n t 2 m t 2  
Now i f  we continue the hypergeome t r i c  function analyt ica l ly  to region 
0 s  X <m, we obtain 
(IV. 39) 
(J)  Der ivat ion of the S e s u l t  of Eq. (85) 
2 Applying the t rans format ion  y = ( b r ~ ~ s e c  8 ) u  to Eq. (82b), we have 
.a3 2u 2 u 2 
s/2- - sec  0 J (Fsec  @ s i n e )  
""J 7r . [  e u 1 2 uri 2 4 u2(y) = - cos(- s e c  8 s inQ)sec 0 d0 
0 0 
s e c  s i n  8 P 
where  
(IV. 40) 
The inner  in tegral  can  be t rea ted  i n  a way s imi l a r  to that  applied t o  0 i n  2, 
x ) .  In par t i cu la r ,  a t  y = 0, we have 
CO u u 
u du 
u (0)  = - - e t Z 4 ;r ] ( 1  t cosh t )  coshi- dt  
0 , 
sinh t J 
F o r  a ve ry  la rge ,  the f i r s t  o r d e r  t e r m  of uZ(0) comes  f r o m  
2u 5 (6 -0p3/2 j - - du T-' ( - ~ r ' ( n t + ) T ( n + , )  n 1 
11 (0)  - u e - 2 / n! ( n t l ) !  ( )  (1+ O(;) ) 471JTp . O  ( - 1 )  ,, 4 X  
Since 
- 3 r 5  n 1 (a) = - ~ 2 - l T  4 sin 3n - '4, 7 
and (cf ,  Zq, IV.  37) 
we finally obtain 
( IV,  41) 
Th i s  f o rmu la  i s  good fo r  all X,  0<X<oo , provided that cr i s  l a rge ,  The 
above hyper geonle t r i c  function can  be e x p r e s s e d  in  t e r m s  of tabulated e l l ip t ic  
in tegra l s  by using I<ummert  s t r ans format ion  and G a u s s t  r e  cu r  s ion fo rmu la  a s  
follows : 
where  
Applying the t rans format ion  fo rmu la  once m o r e ,  we obtain 
where  B(k)  i s  defined by Lq. (7-la). Substituting th is  re la t ion  into (IV. GO), 
we have 
When a is very  smal l ,  we can  apply the method of s t e epes t  descen t  to 
the i nne r  in tegra l  of Zq, (IV.40). The r e s u l t  is as follows: 
(cf. Section H, Eq. IV. 38)  
(I<) Derivat ion of the Resu l t  of Eq. (91) 
The  method used to approx imate  
1 2  m' - Zsec20 J (-sec Q s i n  0) 
~ ~ ( 0 ,  0, -h)  = - ib i-' e - u 1 P 5 2 s e c  0 do 
O .,I 
0 
see 0 s i n 8  
i n r  u l a rge  is very  s i m i l a r  to tkat d i s cus sed  i n  (IV. D and E). Introducing 
u 
. h e  t r ans format ion  s e c  Q = cosh - to the above i n t eg ra l  and then expand J 2 1 
--nco a s e r i e s ,  in tegra t ing t e rmwise ,  we obtain 
1 1 
.I--  
- 1. la- - - C O S ~ U  J (T s i n h u )  
i~ ' o u 1 4 3  2 ( 0  0 h )  = - - e i 2 I -. 
s inh u 
du 
0 
1 1 2n 1 
- -  ( - - )  / - m - - ~ ~ ~ h ~  
- f i .10  cr 7 ' d l @  u 2 n 2 2 
- -TFp  id 71T5xJI 1 s inh u (1  + c o s h u )  du 
n=o 0 
where the relations given by Eq. (IV. 9) have been used. Referr ing to 
1 the expression of K,(-) for cr large given by Eq. (IV. 11), i t  is easy  to see 
1 that the f i r s t  o rde r  t e r m  of comes f rom the t e r m  2(n! ) (2a )  % n+l of 1 the expansion of K ( -  Then 
n t l  cr 
(-ynn+;) 
- )C To y- l l t  1 
-. -  
4 A  
L~-(T) [lto(Pq 
2 ST; n=, 
1 
where the appropriate analytic continuation f rom 1 > ~  to OGA <a i s  made 
a t  the las t  step. 
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